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PREFACE 


T his book w intended as an introd\iction to some recent 
developments of Maxwell’s electromagnetic theory which 
are directly connoctod with the solution of the partial differential 
equation of wavo-motion. Tho higher developments of the 
theory which are based on the dynamical eqxiations of motion are 
not considered at all. Even with this limitation tho subject is a 
vast one, and to bring the work of perusing tho literature within 
my power I have omitted an account of tho modem theory of 
relativity which has been expounded veiy clearly in several recent 
publications. 

For a thorough understanding of the present subject a very 
extensive knowledge of mathematics is neoessjury, but there are 
parts of the sulyect in which a reader with only a limited 
mathematical equipment may soon feel at home and perhaps do 
useful original work. With the idea of enabling such a reader to 
obtain a quick grasp of tho nature of the subject and the results 
obtained, I have thought it advisable to state without proof a 
number of relations of which adeejuate demonstrations can only 
bo obtained by means of complicated and difficult analjrsis. 
I have also endeavoured to keep the analysis as elementary as 
pcNwiblo, but in some places where the work is perfectly straight¬ 
forward a few deteils are omitted. 

Tho book is ftur from being a complete treatise on the subject, 
for I have not given any existence theorems to show that the 
solutions of certain problems exist and mre unique, sad no 
attempt has been made to enter into the details of numerical 
computations. There are many purte of the subject indeed to 
whmh a pure mathematician might make usefril additions; in 
particulwr, I might direct attention to p. 21, line 2, and p. 101, 
whertt there are one or two matters which require Airther 
discuwion. 


vi PHEFAOB 

Chapter viii and paragraph 6 contain some of my own con¬ 
tributions to the subject. At present there seem to be several 
different directions in which future developments may be made, 
and so it seems unwise to give a hasty judgment concerning the 
physical significance of the results. Ideas which naturally 
present themselves are that the aether can be regarded as built 
up from singular curves of the typo considered in § 43, and that 
^ 41 and 44 may throw some light on the question of the difF©ronc«» 
between positive and negative elementary electric chaises. I 
hope to discuss an hypothesis relating to the first idea in a future 
note, but am unable to give any support at prtwuit to the 
second idea. 

I gratefully acknowledge my indebtedness to Sir Joseph 
Larmor who read the manuscript before it was revised and made 
some helpful suggestions, to Prof. Ames who read the greater 
portion of the manuscript, to Prof. Morley and Mr Has^ who 
helped me with their advice and vigilance in reading the proof- 
sheets, and to the officers and staff of the University PreM for 
their careful work and constant consideration shown in matters 
connected with the printing. For the correctness of the new 
formulae and examples I alone am responsible; if any errors are 
discovered I shall be grateful if my readers will inform roe. 

HARRY BATEMAN. 


Oefober, 1914. 
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FUNDAMENTAL IDEAS 


§ 1. The ftmdamental equations for free aether. 

In Maxwell’s electromagnetic theory the state of the aether 
in the vicinity of a point (w, y, z) at time t is specified by means 
of two vectors K and H which satisfy the circuital relations* 

rot/i-^^g^ , rotA=.- ^ -j-.(1), 

and the aolenoidal or sourceless conditions 
divA’-O, div if-0. 

If right-handed rectangular axes are used the symbolf rot M 
denotes the vector whose components are of type 

dH, a/fy 
'^y ~ W ’ 

the three components of H being Jf*, ff„, respectively. 
The symbol div if denotes the divergence of H, i.o. the 
qnantity 

Sif* , aif„ dN, 

d$ Of 

The vector S' is «lled the dmtHo d%^)kmmmd or eketrw 
ftm$ E the whO^^c /area The quMttity o represents the 


* Th® tqmtlotts nit wrillta la fc# fom t» wMeh tti«j 

fwwtttod by 0. Mhetriml JpG^r$f VoL I, | SO, aad H. 

Mlmtrk p, ISS. Sir Lwrmor polais mi Ibftt a itt of wlioM 



f Oh* I, thftt l«ft kitirs mm wstd lo itnoto Ttolors aad M it 






velocity of propagation of honiogoneouH piano vvav»>« ajiil in 
commonly called the velocity of light; wo nhall awmno it K. la* 
a constant, although in the most reamt HiKamlatioiw it w troatod 

as variable*. . , . . 

Some of the modem writers on the theory of relativity 

maintain that the introduction of the idim of an nether in 
unnecessary and misleading. Their critieianis an* ilirecUnl 
chiefly against the popular conaiption of the aether m a kind 
of fluid or elastic solid which can bo reganitMl an pmctically 
stationary while material and electrified {wrticlos tneve through 
it. This idea has been veiy helpful as it premuitu us with 
a vivid picture of the processes which may bo supjKwed to take 
place, it also has the advantage that with its aid wo can attach 
a meaning to the term absolute motion, but hen>in lies its 
weakness. Larmor, Lorentz and Einstein have shown, in fact, 
that the differential equations of the eloctron thairy miniit of 
a group of transformations which can be interjireteii to meiui 
that there is no such thing as absolute motion. 

If this be admitted, the popular idea of the aether iiumt be 
regarded as incorrect, and so if we wish to retain the idea of a 
continuous medium to explain action at a disbuiei* we must 
franjkly acknowledge that the simplest deiwription we tsm give 
of the propwties of our medium is that embaUetl in the 
differential equations (1). 

If we abandon the idea of a amtinuous miHlium in the 
usual sense only two ways of explaining action at a diutamse 
readily suggest themselves. We may either Uiink of the 
aether as a collection of tubes or filaments attached to the 
particles of matter as in the form of Faraday's theoiy which has 
been developed by Sir Joseph Thomson and N. R. Clamphell; 
or we may suppose that some particle or entity which belM^ped 
to on active body at time t belongs to the body aetdl a|s«i at a 
later time«+ t. From one point of view these two theories mt 
the same, for if particles are continually emitted ftom an aefeiv® 

* A. Haeala, Ann. 4. Phy$. ToL 88 (»H), p. i»8{ VA (IflS), ne 
aM MS. M. Aluahatt, Ztittehr. (IMS), I—«, 810—SI4, W— 

Ami, MliuidMMd) 

SoAkknt, ToL 9, p. 
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b(><ly they will form a kind of thread attached to it. The firat 
form of the theory is, however, more general than the second. 

At present wti are unable to form a satisfactory picture of 
the processes that give rise to, or are represented by, the vectors 
E and H. Wo believe, however, that some points may be made 
clear by studying the properties of solutions of our differential 
equations. 

It will bo seen from the investigations of Chapter vm 
that the mathematical analysis connected with these equations 
is suitable for the discussion of throe distinct theories of the 
universe, which may bo described briefly as follows:— 


Aethm' 

Continuous medium. 

Discontinuous medium con¬ 
sisting of a collection of tubes 
or filaments. 

Continuous medium. 


Matter 

Aggregates of discrete par¬ 
ticles. 

An aggregate of discrete 
particles attached to the tubes. 

An aggregate of discrete 
particles to which tubes «ure 
attached. 


The last theory may be supposed to include that form of 
the emission theory of light in which small entities are projected 
from the particles of matter under certain ciroumstonoes and 
produce wav®i in the surrounding medium. This theory might 
b® justly ascribed to Newton*. 

For other theories of the aether the reader is referred to 
Prof. E. T. Whittaker’s recent workf A History of the Theorm 
sf the Aether. 

In the first part of this book the analysis is adapted almost 
entirtdy to the first theory, the high development of which we owe 
to the pioneer work of Maxwell, FitasGorald, Hertz, Eayleigh, 
Heaviride, J. J. Thomson, Iiorentz and Lannor. The other 
theories have not yet received much attention but it is hoped 

* A tom ot the thmf in whioh entitlei m «1 mMo donblsto luw b««at 
dsvideped by W. H. Bragg and appUad to ttw X and y tayi. BriU$h A$$oeksh» 
Mi^pertf (Ifll), p. M>. 

t BabBa Unir, Brets: Lotumana. Grssn and Oo. (191(3, 
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that the analysis of Chapter vill will leiul to further «level»p. 
meats so that a comparison can be inmle iHstwtw'n the different 
theories. It is quite likely that one thet>ry will 1 k» enriched by 
the developments of another. 


§ 2. Eleotromagnetio fields. 

For many purposes it is convenient to work with a tMitnplex 
vector* M=‘H±iE,vfUr& i-V-1 and the iimbigiioua sigii 
± is independent of the ambiguity which occurs in the detorini- 
nation of The differential equations (1) may then bt^ 

replaced by the simpler equations 

rotJI/-T--^, divA/*0 .(2). 

0 oc 

When a solution of these equations has Imhui fiuuul a jBiir 
of vectors E and H satisfying etjuations (I ) may Is! obtains I by 
equating coeffidents of the ambiguous sign. In working with 
an ambiguous sign it must bo mnembi'red that. wh«>n two 
ambiguous signs ax© multiplied together the ambigtaty is 
removed. The chief advantage in using the two indu(s>ndetit 
ambiguities i and is that we can iwsuHie that th** vwtom 
B and H axe the real i»rte of exprewions of the form ai«l 
w© ax® at liberty to equate the ocKjftioientJi of either i or i in 
any of our equations. 

Definition. A. solution- of the difibrential equations (2) or (I), 
which provides us with single-vdued vector fbnetions E and M 
for each space-time point («, y, m, t) bidonging to a certain 
domain D, is said to define on el^tromagnetio field in the 
domain D. 

Since the differential equations are liimr th© sum of wy 
number of solutions is also a solution. The physical nituming 
of this is that whan two electrom^etio fiehl* ore superposod, 
th^ are tc^ther equivalent to m eleetrom^etie field. 

Two superposed eleotromagnetie fields can of tammo In* 
rejated to one another in some way. When ehwlwro^pietio 

* ^wotsoomplsx'maorH'-iJKigiwemMiMlylMirabiwiietn.iiw, 
4 fofe. 88 ana a* (1807) ? jPMi, Ma 0 . Tol. H (If IS), m »• *SMi 




juv/ 




waves fall ujh)!) an obstacle, a aocondaiy disturbance is produced 
which depends in character upon the nature of both the primary 
waves and the obstacle. 

Wo shall find that in some cases it is possible to find two 
fields in which the vectors (E, H), {E', ff')‘’■r® connected by the 
two relations emboditjd in the equation 

(MM') = M„M„' + MyMy' + M,M; = 0.(8) 

for all values of («, y, s, t) belonging to some domain. 

When this is the case the fields are said to be conjugate 
within this domain. 

If we use the notation 

(M*) » Mu + Mfj + Jf/, 

we may write 

{M>) = (i/«) -(h>)± ti(EH) - J. i 2i 4, 

where /, and /j are two quantities which wo shall call the 
invariants*. It is easy to see that when two conjugate fields 
are superposed the invariant /, for the total field is the sum of 
the invariants /, for the two component fields. Similarly for 
the invariant /*. 

When the invariants aro zero over a ^ven domain the field 
may be willed self-conjugate for this regionf. 

I 3. The flow of energy. 

An entity whowj volume densityj p is a function of (ir, y, *, t) 
will vary in a manner which can bo doscribod as a simple flow 
with component velocities (u, v, w) if the equation of continuity 

^ + |-(p«*) + ^(pt') + gj(fH<')-0 .(4) 

m mtwfifd* This equatioE implies in fact that there is no 

* Tlity «• iftfitfkiftls for th« groap of llamr trattstormatioas wkhh Imft 
Ihi iqmitlioas anitlterti ia form. Of. H. Minkowfkl, 0Sll. 

Mmhr* (ItW); 1. Ottaalaglmin^ MatL Bm. (S), ?oL 8 (It 10), 
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« Is ««i arbiteuy ftjaoMon. OKdn a similar «>Intk*i» by rMAwitif 
M by i^ind S'by -& 

§ 4. First solution of fan dam witwl oqiaKtlom. 

iet us use the symbol Ow to denote the ilniotiiliortmnf’ 

of u, viz. 

• m 2 V«m. a, Vol. 178 (1884), y. 8«. Hm »lw H. A. bonHts. f*# 

Thmf p. 22. 

is 1^aasMia4»»Btsd by Irorsals, he. eii. p. it. Many wrilimi um 
Omul’s symbai O to toots tbs llatombwinlMt, tet 1 tbiak 11 i« endtobia 
«W^M»^m®(6st»a»w«. Mu*i^y*ssy«i«UI»sli»B«»4bew»B|il«« 
^ to i««iU ipabol ?s. 1. B.WilsosMd «,ll.bBWlsttsstoi»tofliO% 

t^ 




and the ayiabol grad U to denote thc^, vector whose components 

du du du 

0s ' 01 / * dz 

rc^Bpentively. Let ub also use OA, where A m a vector with 
components A^^ to denote the vector whose components 

are flA^, OA|^, OA^. Thc^ equation Ot^»0 will bo called the 
wave-equatimi and a solution of this equation a wave-fmetim* 
A vector function A will bo sjiid to satisfy the wave-equation 
when each of its components is a wave-function, i,e. if fit A « 0. 
We may now satisfy equations (1) and (2) by writing 

M^±% rot Jj s + grad A.......(5), 

where the scalar potmitial A and the vector potential 

B TiA satisfy the equations 

nA«0, aL«(), divI + i?^-0.(6). 

0 at ^ ' 


The laat three equations may be solved in a general way by 
writing 

r ± i rot 0 + grad 


where the vector (? s; T T ill and the scalar K satisfy the wme^ 
0 guat%on 

(lu-0 .(8). 

The solution of equations (1) which is embodied in (5), 
(6) and (7) i« a sitnplo extension of Hertz’s solution* and is 
8ugga«t<«l by Whittaker’s solutionf in terms of two scalar 
potentiala It is clear that the function K drops out when wo 
differential to find M and so the electaio and magnetic forces 
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will be called a field of electric ttfpe, the tithor b ctoriviHl front 
the function F and will be cnlk«J a fiokl of mttffnvtic tyjHi. 

This resolution of an elootroinngnotks fiehl into two itartiii! 
fields is analogous to the one used by H. M. Macchmahl* in the 
study of the effect of an obstacle on a train of elet^tric waves. 
The component fields are then of such a tyjie that in tun? oase 
the magnetic force normal to the ol^tiwjle vanishes ovtn- tht* 
surfiice of the latter, in the other case it is the ohxjtrit? fom< 
normal to the obstacle that vanishes. Tht? same idea hm Iwen 
used recfflitly by Mief and Dt?byeJ in tho tmitinont «)f thti caw? 
of a spherical obstacle. 

In Hertz’s solution wo have F 0, if ®»() and O hai* 
components (0, 0, 8). 

The components of E and H are constspiently given by thi? 
formulae 


™ 9*-Sf 

H - ^ \ 

cd.vm 


» d»8 

1 

§ 

h? 

. <9). 

„ d*8 1 d'E 

1 

o 



Hertz uses Euler’s mve-ibROtion§ 

8in/e(r-- 0 f), 

and obtains in this way a themy of his oseittator||. Tho oleolrie 
and mapietic forc^ become infimt© at the Mfin which is therv- 
fom a ean^krify of the eleotromagnotic field. A lungtiiartty t»f 
this type is calW a ekc^o and Is r«gard«i as 

the simplest model erf a source of light or eleefaromagnetic wavw. 
3k0tk Wkpm, Cfe, ti, 

t fT' t ^ t ’*■**•»<*«»). P- w- 

§ Fe*WJ« sotatloa* raj^amting a iktaOmtm «»at oal fimii s-Mt soltw 
m fern jpiwdotuily by H. A, sal k» Ihs «r 





The HoliititjriH (»f e(|uatit>nH (1) which are obtained by Buperposing 
tdcnneniary Holutionn of thin typo are of great importance in 
phy^iml optica 

When r m very gi*eat the most im{Kn*tarit terms in tlie 
fxprmtiions (9) arc^ 


„ K^yZH 

Ax jj- . 


whore « «■ Hjii K (r — ct). All tho other tonnH are of order 1 /r® or 
l/r*. Thew» exproHsious give 

(A7/)-0. (A’*)-(//*)-0. 

Honco at a very great distance from tho origin tho field is 
practically a self-conjugate field and so the energy travels with 



^rp oaly wli«a vtl^eity of thi ©liwp allirf in ©ittar 

Of 



as a simple electric doublet of varying moment m is inilieate<l 
by the way in which the electric and magindie foreen la'ctune 
infinite*. The axis of the doublet is ahmg the axis of z. 

The electric lines offeree due to a vibmting electric; dcmhlet 
have been drawn by Hertzf for various stages of the motioti. 
The general character of the lines of force is indicates! in Fig. 1. 



It will b® noticed that the Hne« arc* all at right angles t 4 » a 
plane perpendicular to the axis of the doublet. M. AbmhamI 
has used a Hertzian doublet to obtain a nnslel of the electro- 
magnetic field produced by the oscillations in a vertical Mtt 4 ;nna, 
the plane just maitioned being supposed to reprtfsent th»' eart h 
which is regarded as a perfect condneUw, }i5«»nnec!hii has, 
however, pointed out that when the ini{>©rfw;t erutdiustivity of 
the earth is taken into aceotmt the eirciini«f.anw« of the 


*iee|42. 

A tr/***^ V ‘ P‘ The mm of d»mpwi vitnatjoiui m 

cOMidwed hy K. Pe*mn tmd A. Ijm, Im. «i<, 

11 am indabM to the Ma«anilIaH Oom;^y and A. «my, for iMmk- 
aiontoxepK)dtt<Mthi»dt»in»ffi. ^ ^ 
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pr<»pagRti(»n Hc^iiR* •* what. different. Tht^ spruading of ohiciro- 
luagnotic waves ovt*r the earth's surface has bcHUi invostigattKl 
thoroughly by A. Souuiierfi^cP and his pupil H. v. Hoerschle- 
niannf, and their results Boeiu to indieait* that the imperfect 
conductivity of the* earth is an important factor in directing 
electric waves and in enabling their effects to be* detected at 
great diHtencea The ionisation of the air by sunlight is also 
an inii|K)rtant fimtor, a« has beem |Kunti*d out by J. iL ThotuHoiu 
W. H, KccIchJ and J. A. Fleming^ Marconi sexpe^rinuaitH have 
indicmtal that the* circumst4i.nce8 of propagation are not yet 
tiioroughly underskHKl. No good reason has been given to 
explain why eoinmunicmtions by nu*an« of electric waves can be 
iiiiiiie more easily when the rtweiving station is in a north or 
south direc?iion than when the <lirecti«m is east or wf*8t The* 
curious eontraste in the reiiults obtained with waves of different 
frec|iicincie« in clay iincl night eornmuniemtiems iiro also un- 
ex|ikiiteclj|. 

The u«i of the vecjtcir 0 iiiiteml of thci seiilar N wiia 
Kwmitiandtid by Abraham f. Yon Hoewchlemann hm obtained 
in this way a inixlel of Marconi’s bent antemna which givoi 
a directed ©ffiiet to the riidiation. A nuinbiir of armngemoiite 
of Htrtiiiiii doublets that oan be itiod to imitate the iictiori 
of iititiiimiwi hiivt! been deneribed by Flerning^^, Irfirniorff, 
Hoiiittierfekl and Macdonald 

III the thixiry of FitiOemld^ miignetic oscilliitor^ w© hiive 
II «tt r»(0.(h#), 

M being Etiler’s Wfivci-ftinetioiL Whittiikcir’ii aoliitioii m 
obtuincid by mldiiig th# loliitioiis of Herte imd Fitedewikl 

• dim. 4. fifi. foL m fliWh P* 
t Mkrk A 4nM. f ol. i (lilSt 

t Pm. mf. Mm. 4, fill »7, f. W. 

I MfitM d$mMim (liltp Urn a-lio O* J, Loip, 

Pkli. Mm§. fdL m p. ffi. 

I ini Mftwoafi aiiwii lii tot a&ytl lili* 

f fkmri$ *kr MkMfMmt, f al. Gh i. Sti alto IMilit tm. tit. 

•* Fm. . Mm. A» fol 78 , L 
ft IIM, la ^ fmitetto to fppr. 

:t$ Fm. Mm* A, fol. •!, p iH. 

M fmm. Mm. Mm. fol. I iimii BiimiMe WrMm§9, f. Itl. 
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§ 5 . Second solution of the fundamental equations. 

It is easy to see that equations (2) will be aatisfuMl if we 
can find two functions (a, fi) such that 


M,= 


d(i/, a) " ^ c el(i, <) 




S(cc,fi) , 

' 0 (a, w) ' 


of{y,t) 


d(«,j5)_,id(a.0) 

Jm^ *“ o'*/ ' \ * X '^ / 41 * 

d{a;,y) od{$,t) 


( 10 ). 


An electromagnetic field that is specified in this way is 
necessarily a self-conjugate field, for if we multiply t«gt»ther 
the two expressions for Af* and do the same for M^, Mt, w« fim! 
that if® = 0. A particular pair of ftmctions a, /9 is obtainml by 
putting 


a=a®cos^4-y8in0Tw, yS—wsin^ — ycwd —ci.(II), 

where ^ is an arbitrary constant. To genomlise this field we 
multiply the expressions for M,, M, by an arbitwny 
function* of a, 0, 6 and integrate with regard to d; we thus 
obtain a very general electromagnetic field in which 


Ar«“T»/ /(«, 0, 6)<m0de \ 

Jo 

Jtfy ■= T1 f /(o, 0 , ^)8in 0 d$ - 
Jo 

— rf(a,0,0)d0 ; 


(IS). 


The components of the electric maid mimetic foms are 
obtained by equating the ambiguous and unambiguous parti in 
these equations; it is easy to verify that they are ail wave- 
functions. 

It should be remarked that thase definite int^|ml» may 
give a representation of the elecfumnagnetie field, require for 
the solution of a problem, only in a omtIiiJa Untl^ doBuda of 


_ Mm m opoak of aa atWteaty tomOm It anwt l» oalonMI foal tko 
towntt iB*y bo mbjota to ooMnk liaiitoUons wbidt r«iia«r the iaiqBattae eadi 
aimroii^Aott aiate the tatesrol Mom iBtoUiMhift 
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th«i variabk'H «, y, z, t ; tht< integrals may in fact roprosent 
(liHoontimioiis functions. 

The limits of integration could have been taken to be any 
oth<ff (sonstanta insttwl of 0 and Sw; they can also be taken to 
bo functions of m, y, z, i of the tyjKs «, where a is defined by an 
iHjuation of the fonn 

m sin w — y cos » — ci» 

F being an arbitrary function. 

A suitable jmir of functions a, is also obtained by putting 

m^iy a j. 

« =■'> p<^r — ot .( 13 ), 

and in this case Poynting's vector is along the radius from the 
origin. A tnore general typo of electromagnetic field in which 
this is true is obtaint*d by multiplying the above expressions 
for the comjwnonts of ilf by an arbitrary function of a and 

Other isrirs of ftmetions «, /9 of a very general nature are 
obtaimxl in Chap. vin. It should be remarked that in all oases 
tho functions («, p) are of such a nature that if F («, yS) is an 
arbitrary function of a and yS, F satisfies the partial differential 
equation 



which is of fundamental importance in geometrical optics* and 
may b« called Mam%itm*s equation. It is found that this 
equaMon is also satisfied in many oases by the functions of 
m, y, $, t which are the limits of a definite integral representing 
a wave-ftmotion, when the fimetion under the integral sign is 
a wave-function for all values of the purameter with regard to 
which wo are integrating. Thus the ftinction w just defined and 
1 

the function t — - (r + ro) which will be used later are solutions 
of this equation. 

* Wot KBOthar oonnection b«tw«ra thli eqnstion and the (^ttomagnsHe 
^luUoni MS A. Bonnnttrfiild and d. Bnnge, “Oruadlagen d®f gaometrisohan 
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§ 6. The fundamental equations for a matarisa medium. 

For a material medium which is stationary ndativo to the 
axes of coordinates, the equations (1) niuat 1 h* roplaeod by th«> 
more general equations* 

rotJy=i(./+^^), divi>-p) 

j- .( 15 ). 

rotf;--i-J, div «'-0 
0 at 

where i) is the electric displacement, the electric force or 
field strength. If the magnetic force and B the magnetic imluo- 

3J9 

tion. The quantity J + g- represcuite the kJtiil current which 

is made up of a conduotion-cuirent C, ii dwpkceiiKiiit-ourKinl 

BjD 

-zT and a convection-current pv, p being the volume d<*n«it j of 

ot 

electricity. 

Various notations have been used for the different voctora 
of an electromagnetic field. Most Elnglish writers us® (a, 6 , c) 
for the components of the magnetic induction, ( 0 ,^, 7 ) for thcmi 
of the magnetic force, (/, g, h) for the comiKments of the eleetrie 
displacement and (P, Q, R) or (X, F, Z) hr th«»e of thi* 
electromotive intensity or electric foroef. This is not to Is' 
ooiifdsed with the mechanical force F of eleotroinagnetie origin, 
whose components are sometimes denoted by (.X", F, Z). 

* liorentz (1892—1^5) and Damor (lS9t) have dodnd ttase equattoM and 
a ooxresponding get of eqoaUona for uovine bodiM b; a preeeiw of avsnNIEbni, 
etarting from the fondamental eqnations of thoory of dootronc in wliMi w» 
have JJsff, BmM, /«/>». Of. H. A. Imroata, jfM. «nih Wgtmmhtifpm tt 
Amtterihm (1902), p. 805; MneykL d. Math. fTiw. Bd. S, | U, pp. 900—810. TMa 
method of armaging ha* bem devafoped so as to give rasedts fo aoemlaiHie vttt 
the Theory of Belatlv% by M. Born, Math, ^f««. Bd. «»(l»W> and B. Oasniag. 
hMn, Pm. London Math. 800 . S«r. 2, Vol. 10 (Wll), p. ilfi. IW Be*, 
tfmimwski e<inations differ slightly from those M Loim^ and indlmte the 
mcistenoe of an etoetffiosta^ field doe to Oe motimx ot a b^. 

It has bean realtaed by iha foragolng writsi* si^ oUMia that ^ printipte at 
ralativitf alooa it not 8 fitSB<fi«at to dai«nnina a ecmpleta mt at aq^uatlmMi for 
moTiagbodias,aiha(ayofihaoonsdi 8 MonofmattMeSsnaadad. Clt.H.B. 8 aM 5 . 
JPbft. Moff, Jan, (1914). 

t Omrk Ma*w^ JB{eetrfo% and MdgnMm, M aMm {Um, Vol, i, 
p. 267. 
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In any material medium the.ro aro certain constitutive 
relations connecting the vectors 1), E, B, H, J. In moving 
media, crystalline media and ferromagnetic bodies the relations 
are rather complicated, but for an isotropic medium in which 
p = 0 the relations can bo represented to a good degree of 
approximation by the simple equations 

D-eA’, J^<tE, B = ixH .(16), 

whore e, cr, fi are scalar quantities which are generally regarded 
as constants; they will bo regarded in fact as the optical 
constants of the medium. The quantity cr is called the ocm~ 
duotivity, yi, the ^rn'meahility, and e the dielectric-inductive 
capaoity. 

The units that aro used here arc the so-called modified 
units*, in which Heaviside’s suggestion of eliminating a factor 
47 r has been adopted. We can pass to electrostatic units or 
electromagnetic units by replacing our quantities E, H, etc. by 
aE, BH, etc., where «, B ^^re certain factors which are given in 
the following table: 



a, A 

E 

1 

B 

H 

m 


sJAw 


0 

^4fr 

\ 

€ s/Art 

€ VifT 

lltotronaif«itio nystem 

a ^/4f^ 

1 

a ^4ir 



a/4w 


We use e here to denote a quantity of electricity, and m a 
quantity of magnetism. 

§ 7. The energy equation for a material medium. 

If we use 2 as before to denote the vector whose components 
are of typo o {EyHt - E^Hy), we find that 

W + +It \ 





If is a constant an<i iJeA’* +b« roganiiscj kh 
energy per unit volume, the change irj the <li«tributian of 
energy can bo described by moans of a {l«»w «r anti a loss 
unit volume of magnitude <rE^ due tn the tmnsforamtitti 
electric energy into heat (Joule’s heat)*. If U tloes not tlep 
on the instantaneous value of H m that /i is not ti consi 
there is a loss of energy due to hystoresia B may dep 
upon H alone but not Ih^ a single-valued function of //, < 
sequently in a cycle of changes ji(H.dB) is not zero luut ma) 
taken as the heat per unit volume dev«lo|Hstl during 
description of the cycle. Notice that 

l{H.dB) "»- /(if. dH) round a cycle, 
and is always positive since the value of B ftir a givtm valm 
H is greater when H is increasing. The exjierimcntal ana!; 
and the accompanying theory are due to K. Warbtirgf i 
independently in much greater development to J. A. Ewing^ 
whom the name hysteresis was applied to such phenomena. 

§ 8. Solution of the fhndamental eqiuatlont for 
material medium. 


liet us assume that <r, /*, e are t^nstanta ami that A', H 
the real pjorbs of expressions of the form where A 

a complex quantity independent of t. if w« write 

eftte^ + iimtr Jm 

f*u' 


Ji»//±»pA'...,,.(I7) 




IJ SOLUTION OB’ TBIK FUNDAMENTAL EQUATIONS 17 

Frobkiina which deal with the effect of small obstacles upon 
light or electric waves re(nuro the taking into account of the 
properties of the matcunal of which the obstacle is composed: it 
is only for long waves and conducting media that the obstacle 
can be treated as a perfect rcfl(‘.ctor. This is illustrated by the 
work of Maxwell Garnett* and Mief on the optical properties 
of colloidal Buspensions of metals and in the work of Sommerfeld 
to which we have already nderred. 

Unfortunately, however, the analytical difficulties are very 
great when imperfect conductivity is taken into account^. The 
simple-looking problem of thc^ reflection of the disturbance 
produced by a moving charge, when the obstacle is an infinite 
plane shc^et of metol or other conducting substance, has not yet 
been solved accurately § and there are many similar problems 
that have completely baffled mathcmiaticians. 

Much more progress hm been made with problems dealing 
with perfect reflectors. These problems are to some extent 
ideal but some of the characteristics of actual physical problems 
are often preserved ||. Apart from this, such problems are of 
considerable mathematical interest, and have been studied by 
soma writers simply on this account. 

19, Boimdary-Oonditioiis. 

The conditions to be satisfied at a surface separating two 
different media are obtairuMl by integrating equations (15) across 
a thin layer of transition 11. Taking the axis of z along the 

^ imL Tmm. A, ?oL 203 (1004), p. 383 ; Vol 203 (1905), p. Ml, 

t 4m, d, VoL m (1908), p. 877. 

X kn importe.nt ioltitlon of thi ©qumtloiiB hw given by M. Brillomin, 
** Prop^Moa Iti mtlteux oontluotouw,^’ ihmptm Mendm^ t. 186 (1908), 
pp. 667, 746. {Bm Bx. 20, Oh. ix.) B^or oth« rsfireaoos see Ex, 3, p. 28. 

I All approxlmali iolulloti wm suggeited by Maxwell and hag been developed 
by lAniior, PrcM. Loadoa MtUh, Noe., B«. 2, VoL B, p. 1. An aeenrate solnUon 
for tlii ««© In wliloh the ihott !• trmtdi m intnitely thin and th® charge movti 
wlffi uniform vilooifey psjralkil to th® plan# hw boon given by 0, Fleoiati, M^m, 
Am, Mm, limuL (3), ll| (1902), p. 221. 

II A milal boh&viis pnwtiaally ai a porftot conductor to eloetrio waves whin 
thi «elllationi art rapid but slow ©omparod with wavti of light. Of. J. lArmor, 

vibmtloas in oondonsing syitems,’^ Prm, Bm, Sir. 1, 

?oh Mf p. 119. 

f J^yklfh, foL 1; PML Mag, ?ol, 12 (18SI), p. SI; 

H. r«twi, pp. mi, 2S8; Larmor, PhiL Tram, (1895), 



normal to tlu^ surfaoo wo shall assunir lii.if h\ //, /i. li 
tlioir (Icrivativa^s wit.h n^i^ani fo j\ //, / ai*** tiiatf* wifliin 
layer and that tlu‘ eonduotivity (f is also finifr. lli,- 


dlL dlL IdBr 1 


r/';. I 


’/h- 

ii 


dy c dt ’ h// 

then show that and ./^ | / arr fiinlr and so f] 

(^2 (i 

integrals with regard to 2 aoross a fhiii !ay»T of flurkiHoos 
less than a0 wlnna^ a is a finite posit ivo «|u;utt if \ indopontl»*nt < 
This means that t.ln^ tangmifia! eomptnionfs *«!' fin* oiorfrie fo 
magnetic forci' and eleetric* mirnoit ai'o enniiniiMtis in oros-., 
the surfaces. 

Again, tlu* cMpiation 


shows that 


dll 


a/4 a/4 a/I, 

a:r ([if i‘Z 


is liniti‘ and so fin* uornuif i'uiupommt. of 


magnetic induction is continuous. Huh rvsiili nia\, liowt” 
bo regarded as a consiMinence of tin* |>roviouM oii«». 

The normal compiuumt of the eli-oirie tiispluetimml nmv 

discontinuous, for thi^ (‘quation «hv 'B p i^iwh 
f^dDz 

d^z= ——d^sal pe/j 4-hi'ioH of urdor |l 

Jo a^: Jt/ 

where thc<liscontinuity in the electric* diHplueomenf. Ht^ 
if ais the surface-charge cdh4trtriciiypt*r nmf aroa we lm\r 1 /. 
When the media an^ both eoiidnrfing we hii\c‘ o (I mnl 
normal compommt ol the (dt*et.ric* dispiaeiani'iif is eniuniuoie-., 
It is known that in tin* ease* of a gf»od eumliiefmg !♦, 
rapidly alt<TOating (*,urr<mts arc* c*oiiflia‘d wiftiin a uu'v t 
layei close to the' surface*^. In tin* itioal ease nf a p*n'i 
conductor or peidect rc41c‘ctor the lirldnirftuu ;uv /.oro wif 

p. 78B; H, M. MaccUmaltl, Fdeetrk p. M; If. A. hnumU, /nf.rl 

/. Math, u, Phya. Bel. 22 (1877), 

^ Ota Lamb, P/ciC TrmiH. A (1hh:|) ; a Hruvirtiitr. I'M-rrinil Pupris V,* 
p. 16Bp J, J. ThomBcm, Uemd Jinmrrhru, |t. *is|, |.Wr 
the subject see a paper by K, F. Nertbrup twel i. in 
PrmMm Jmame. Feb. (1914), p. UifK The of iiymy aher r.oeao 

on the skm-ofleot and altemaiii^if current rfointaiiee are pivt’it in 4. A bltniii^ 
Tfmpnnciple.» of Electric WiUH‘ Tdeyraphy, 



t;h(^ body of lh(‘ coiuluctor. This cas(^. is chanicicrisiMl by <j = oo 
and fjuig(‘n{.ia.l c.oinpoiHaiis of (be magnetic forc(‘ arc no 
longca* <;onl.inuoiis a,s a point inov(\s ax’.ross (dui siirfa,c*(‘, we have 
ill faet if li is th(‘ (liscont.inuily in t]u*i niagnidac Ibreo 

// — I ''(/jrr:— I + itaius of ordoi* 

‘ Jo dz a Jo 

Hcau^e if K is th(‘ surra.c(‘-curr(‘nt and h th(‘ discontinuity 
of ina.gn(d;i(*. fona\ \v(‘ havt‘. 

/>,r- -I /'x=iAV 

At th(^ surfac<‘ of a pia-iect conducl.or tlu‘ tangtaiiial com¬ 
ponents of th(‘ (‘lectric forc.t^ must vaaiish and a,s «a consis|uencc 
of this we can say that th(‘ normal compommt of th(‘- magnetic 
induction must also va.nish. If tdn‘. nu'dium outside the con- 
diKd.or is fns* a,et.h(a- tlu^ snrlacu'-condii.ions a,r(‘ simplified on 
account, of the ndations /) =• A', A = i/. 

In th(‘ case of a vtuy thin conducting slund. it is conv(mient 
t.o tr(‘n.t th(‘ thic.kn<\ss of th(‘ slnn't as iH‘gligil)l(‘ and regard the: 
tangcmtial components of tlu‘ magruh.ic forc(^ as discontinuous 
wlum a point movi‘s a.long tlu‘ normal from om* sidt^ <if the 
sh(s‘t. to tlu‘ otina*. 

''rh(‘, boundary-taimlition is thcn’^ 


/t. 


a;. 


wh(‘r(‘ 0“ I (rdz is t.h(‘ conductivity of th(‘ sliced.. 

J 0 

If wc wish to t^xUmd th(‘ id<‘a of Onaafs <a|uival(ait layta* to 
<*h‘(d.rodynamicH w(‘ must, considea’ chad.romagmdb*. fields in fna^ 
aetlna' vvit.h surfa.C(‘H at whiedi th(‘ t.angiaitiaJ compoiuaits of tin* 
(di'ci.ric aiul nuignetic forces are* disc.ontinuous; iliis requires an 
ehad.ric, eairnait slnad. a.nd a magntd.ic curnait sheed. on the 


C.f, U’. n<'vi CiviOl, Itrud. tdiKri (fj), It, (1902), p. 75. TIhw' c*on<liii{>n« 
iirr u{U‘<i by Cinciali in bin HoluU«»n of tint proliban of an obH’itrin charp^n moving 
pamilol to a comhmtinpt filmca. hi nonm pnivioim paptn’K, Urnd. idnrn (5), IIj 
(1902), })p. UKi, 191, 22H, hovi4 Jivibl had nurd ttu^ idf'f.troniapcnriio potontialH to 
d<d.{irmino ilm (dhud. of a oondmdinf^ Klmcd. on an ali(*rnating currant flowing 
along a HtraigUi wire para, lied to ilu^ nlnud; the bouudary«{‘.ondiiioiun aro. then 
(hd,enninc<l by tin' dine,ontiimitics ed' the poteniialH <luo to the' induced current. 


surface^. For a ecanpk'ie *<nglif tu euiiH 

the cases when the lUirnial ettiii|Hi!itiiiH urt* nhu disroniinti 
and when the mirfaec* in iti iiiufion. Tin* Innl eiretiiit'Htu 
alters matters to st^nii* t‘xieiit anti iiiihI leai hv iliHinismH 
In the case of (‘leetrie waves in tree t!i«* \*-e 

B and I£ may he diseentinuotis nt a wave liiiiiiidiiiT. It' 
can bo regarded as ilie Hniii c^f a iliin layer ef lniiisiti«ai wit 
which equations (1) are HiitiHlied and ilir ireters h\ // 
finitefj the values of ilu‘se veet-ors tm fln» two sidoN of 
boundary must satisfy eeriaiii eiiiaiitiofiH wliirli niiiy Iw* tdi 
as follows. 

Let the equation of the ntnviiig botimliiry be e\}irf‘HBed 

the form 

ir.tr fy\ .fid; 

If now we apply Green's thf‘«jrt*iii Ui the iiitegriil 

IjUM„ T icMy I ± icM, 1^) dyds 

+ (lify T icM^ I* ± icM, duiv 

+ (m, T icM, I ± wMy !!^J d.rd,i I.{-21) 

which is supposed to bcj tiikiui ovt*r a elonetl wi* ii 

that it vanishes on account of the eqiiiilioits {%) provtdefi t 
supposed to be expresaeil in tiuin« of *r, s itewrdiiig to sn 
definite law which we shall tokt' to be iliitt expressed by (tiV, 
We now apply this thi^oreiii to a dise-iliiijM^^d siirfirn'r win 
two faces very nearly coincide. We shiill wiipi^ise tfiitfc on i 
side of the disc the vector M represents tiiii field of the iiiIviiimI 
waves and that on the other side ii repre«eiitM lln^ field oiitn 
ing just before the arrival of the wiivea We iiliiill idmi sii|i|ii 

* Of. J. Lannor, Fmt. Lmitm Mmtk, *SW. fi|» ¥ol. | ftstlll, p, 

H. M. Maodonalcl, Mlectric Watm^ p» 16; IViir, Maik Hm, fJI, Vrii. 

(1911), p. 91. 

t The idea is praotioally dm to Btokti«, Mmth. itiiil Pmimn, ¥iil 

p. 276, but was not worked out in diiteiL Thti immlkh l|pw t4 i 

continuity we discuBsed with Botn# eiwi by Ijovii. Titti iiiinii in wliinli H mu\ 
are continuous but some of their dtrivatlf©i mwi dlittifititiiiiitii «.| Itii* itnit 
boundary may be digoussed more simply by wmitipiiii to llial 

Hadamard’s L6gom mr la Fr^^apatitm il#i Omim, Pwli flWb CJli. % »«♦ i 
Ex. 2, p. 28, and &e referenoes to Buh«m and SlItMiwteiii m tilt iitH pgii. 





BOUNDARY-CONDITIONS 


IJ 


Zi 


that) th(‘ derivatives of M are finite or behave in such a way 
that an application of Ori'-en s theorem is justifiable. Now* 
let M b(‘ the discontimuty of M, uo, the difterenct^. in the values 
of M at two neighbouring* points on opposite sides of the wave- 
boundary. Then when th(^. two faces of the disc coincide wo 
find that a certain surface'.-inkigral over one face of the disc is 
z(U’o. The surface-intc'gral is of the sanu^ type^ as (21) except 
that M is writtem in place of M, Since the face of the disc can 
be choHi'U arbitrarily the integrand must vanish and so wo 
obtiuin three ecpiations of the type^ 


Thi'HO otjuationH give 

'dt\‘ . fdty . fdty 1 


.( 22 ). 






Htmce th(^ wavi^front advances with the velocity of light 
and the difiercuuse bc^twtH'n thc^ two eh'.ctromagnetic fields at 
tlu*. wavt)-boundary bcdiaves ?is a self-conjugate field in which 
Poyntings vc'ctor is along tho normal to the moving 
boundary. 

If the (H|uation of th(', wavt^-boundary be expressed in the 
form 


we find on e^ilcidating the values of 


dt dt dt 


that 



{14). 


''rhis is the. <lifferential (^juation of tlie charackuaBtics, it 
expressi'a that th(^ moving boundary moves nonnally to itsedf 
with tlu^ vidoeJty of light. According to the theory of Stokc'sf 


* KcUiatk>nB 4M|uIvaltsnt to are obtained in a difforont mtmm\r hj 

0. IlmviHido, Klectrical Papt'r$f VoL 2, p. 405; A. B. II. Lov<^, Pruc. i^mdon 
Mnth, Hoc, Bar. *i» Vnl. 1 (190E), p. S7; L. Hllbomtoin, Amt, 4. Phynik^ VoL *iS 
(190H), p. 7151 ; IL Dubcirn, (hmpten Uemlmf t. 131 (1900), p. 1171. 

t-Fm!. (Jiimth Phil, Hoc, {IH90); MancIteMer Menudm Btath, and 

Phy$» Papi^n^ Vol. 4. 




and Wiechcrt^, Rlinigcii myn enmiut nf jitiinrH f f hri 

the aether, tht^ eni‘rgy in a {iiiIm* h» 4 iig rniitiiifd witiiifi n 
shell. The ahovt* theury imliejitrH flint iti** niid 

surfaces of the shell move forwnrt! witli tfir \i*li«nfy tif !i 
A slight modificaiuiii of tin* iin-tliiwl viui In* i 

to find the conditions to ho KiitiHfiod iit a iitiriiiei* 

is the botmdiiry two iliflert^iit iiiotiin. If wr 

Ij-ssB ± iD^ W ^ ill and itiitl I ho Hiirfiieo-rhnrgo 

surface-current eim he m^gleekii, tlio i4i% kniitduryamiifiii 
can be expressed by saying that tin* flim- niiniitilios of lypr- 


+ A', 

di/ Bi ^ 


must be continuous as the iKuindiiry m Tlio ruimt 

of the moving boundary is expremsl im hidorr in tin* form f: 
When the moving boundary is iht» siirfiirr of ii |ii»rfeel enitilm 
or perfect reflector, the boiiridiiry-criiiclilliuis iirr stiiiply tlmt 

three quajatities of typi 

should vanish f. 

In the last two casim the? iKmiulary-wuidiliitnH <i» ni»l im 
that the boundary moves normally to itwdf with th«* voluvity 
light; in fact, the motion of the bemndary tmn la* (juiti* arbitni 


EXAMPLEH, 

1. The surface of discontinuity is tbo sjtWm r—t f an«i th« nlwit 
magnetic field within this surfaco is liy tin* <*«{uati**its 

Vu-f'*’ ,v«’ h* fy)* 

(,y 

’’^here n»»Ar“‘«”«(<*"'1«in^(«t~rf»). 


* Ahh. d. ths/i.-skon. ae*. au lOktigiibtrg, I Pr. p. 1 1 Am». Ph 

Chm. Bd. S9 (1896), p. 2^. See alao 3. 3. Thomson, im. Mm, («1. Vol, 
(1898), p. 172. ^ ' ' 

+ These oonditions are equivalent to the oondlMon Utal the mmhMtiml ten 
whwh would act on a ohaige moving with the ooimMi veloollf of the surtiM 
mwt be along the normal to «ie aurtaee. Of. ReavlaWa, MUarkmt Pmpm 
Vol. a, p, 614 j mectrmagntOe TImry, Vol, 1, p. 37»5 Mketrh r«»M 

p. 257. 


EXAMPLES 


IJ 




Hio coimtant/B p and q Imug kiiowTn dotonuiiio the coimtaiitH A and c 
in order that tlui lUdd outHide tiie Hurfaco r^at may he the elocti’OHtatic 


hold for whieh the potential <I» m 


m)- 


(CJamhr. Ma,th. Tripon, Part II, 1904.) 


2. If the vecdora M and // are known for all points (a*, v/, r, t) of a 
moving mirfaco 

F(a^, y, r, t) 0 

the values of all the derivatives of F and //, and eonsetpiently valnos of F 
an<l // at points iiot on the moving surface can generally he fouml pro¬ 
vided F do(w not satisfy tlu^ differential ocpiation 



(Uavclock, Proc, London Math. Soc. Her. 2, Vol. 2, p. 297.) 


3. Ail electromagnetics held is csonjugate to an electrostatic held. 
Prove that the flow of energy iti the electromagnets^ field takes place along 
the lines of electric forc'.e in the ehwtrostatic held. 


4. Let the line 00 of length o ho drawn in the direction of Poyntiiig’s 
v(K'4or at each spatJO-titiH^ point 0 of a self-conjtigato electromagnetic 
held and let OF roprest^nt a velocity v associated with the point 0. 
Prove that if this (dectromagnetic hedd is conjugate to another hedd 
(A", II) in which cH is the vector product of'i; and A’, the direction of M is 
parallel to V(1 


5. Prove that when cr, t, g are constants, the vectors L\ II of § 6 
satisfy the differential (equations 


aA'- 




trg BF ^ 


grad p, 


Air- 


fg(W/ 


bO. 


(Maxwell) 


er g dll 

Solutions of tliese equations for the case in which pasO havebcMMi given by 
0. Heaviside, PkiL Jbfn//., %lan, (1889), p. 30 ; Floctrmd Papor^^ VoL 2, 


p, 478. 

IL Poinoard, Compte$ Itmidm (1893), p. 1030; Thiimo mmlptiqm do 
la propagation do la ohakur^ Clh. B, 

J. Poussineaq, Cofnpteo IkndtM (1B94), pp. 102—223 ; TMorie 
Ufudj/tiqm do la. ohakur^ t. 2 (1903), p, 538. 

Kr. Birkeland, Arokwe$ dm $cmwoM phpiqmo^ (leneva (1895), p. 5. 

0. Tedone, Ikmi Lined, Mar. 3lHt(l9ia), Jam 18th (1914). 

M. L Pupin, Tran$. Anmr. Math. Foa, Fol. 1 (llKKl), p. 259. 


6. 


Prove that the function 


M 


1 


eatinfies the equation 






dj^ ^ i' I' 


7* If u aatwfiea the |«irtiiil difteroiitiiil 

/Pm\^ , /PhY ^ fi'-nY 

U-i ■^v>/ ■'"i'-i -n<t/ ’ 

and we make the traiwformation 

.011 




.fill 


5*4*/ 




/ pH 
f'l ’ 


where/is an arbitrary futictifW^ then ii aim* miimtlm tlio iiartial diflbnuiiiiil 

equation 


P^^Y ^ /*‘«V 
Vav vW “‘%’nt'w * 


8. Plane eleotromagnatic wnvm fall tin the «»f aii tiiflitili'i 

paraboloid of revolution wlitwri mirfin’o in n If 

the incident waves am given by e«|*m««ioiw of lint 






* //, #1 


where a»y 4 -«, the kniniifiry-cxiiiiiithiitfi iil the «tirfit<t.i «f the 

paraboloid may be #«tiifit!d by subtimctitig from tlw |irtiiifiry tl#lii ii 
secondary Md repiwented by eiprtMioiw nf » ^inilliir tj|M* biit with 

y - /# 


' x+r ' 


0mm - r + ri. 


If waves representetl by the above eipniftiicins with « 

M on the concave surface of the pamkiloirl the Iniiiiiiiiirj^ffUnlittiiim nt 
the surface of the |>arfi.boloid may Im mliKll«l by i 4 ti|*|w»iiig tJ«t tliii 
secondary disturlmme is of the form ^ M*^ wlitirw tlw flt^lil^ 
M\ M'\ M'" are represented by tixpretiaitiit® of the iilutvo lyp*., whom «, 0 
have the values 


a 


»ri 


y+«» 

* 

y - a 

^’4 r ’ 


^ n 4* r ■“ 


respectively. With these HupiJositiorw the foruw wts Jhiite »t the fwus. 

When / IS independent of «, 


CHAPTER II 


(JENERAL SURVEY OF THE DIFFERENT METHODS OF 
SOIiVIN(J THE WAVE-EQUATION 

§ H). The object to be attained. 

It hiiB Ihk^ii shown in (JhapHu* I that the Bolution of 
Maxweirn <HjnatiofiH can hi\ inadc^ to depend tipon the solution 
of a singlti partial differential ecjuation which is either the 
wave-etpiation llu = 0 or tlu'. equation = 0 which 

is HatinfaHl by wave-functions of the form m y, ^). 

The properties o{ functiorw satisfying these ecjuations must 
acconlingly be studied at some length. It is desirable, 
also, that all types of such functions should bo studied 
and not tnert^ly tlmse which admit readily of application to 
physie-al problems. If cculain solutions of the fundatnental 
iH|uati<mH must be njtarhul in the trtmtment of the boundary 
probleniH of mathematicml physics, a knowledge of their 
belmviour is at any rate umdul as it giv<‘S a clear indication of 
tlu^ retmon why sueli Holutions must be rejta*.te(l There is, 
howevm\ an<»iher rt*ason why the scope of the irupury should 
not be n^Htricted. 1110 theory of wave-functions fonna a 
natural extejwion of the tlusory (d* functions of a complex 
variable* ami may consiHpieiitly lea<l to r('.sults of great values 
for tlu^ gem^ral theory of funetiotiiH, 

* Thl« |)oita of vitiw ill iwlo|aiHl, far iiwteucc, by ValUimi, HmtL tdned (4), 
iifa4J|i. m 11110,374-487 (IHS7|; iv,,cr. 107-41^, 19S S0‘i(lSB9); 

mi) 040 (ISSII); iiemL PaltmtM, VoL 8, |)p. 200- 273. Heci 

ApikOI, diHtt AifUh, L 4* p, illll PfOtiltiwi, Ann., t *iii 

(IHHH); llf'lalittr, HulL Amrr, Sne. VoL 0, p. 4011 (1008). Thii theory of 

fuiiciyoiw of two ooiuplei viuiftbl4<« In oloMiily oouoeetocl with thc^ tlitsary of wiwe* 
fufttitiotw. Cf, f I. hoiwtmrfh dHn 4/ol/o Voh 2 (IHH8); Vol. 22 (IHOH); IL P. 
linker, ikimih PhiL Traw^ VtO. IB (IHII9), p. 481; IVoi*. liomltm MtUh. $Hm. 
Ber. % ?<iL I (1008), p. 14. 




We shall newdescrilM^ l>riellj siatie nf ihi^ |iriiii*ijia! inrihuih 

of solving the wavo-e<|uatit^ii. 

I 11. Eednotion. to ordinary diffaretitiiil aciiiiitioiis. 
The aim of this inethoci into dt‘UTiiiin** rleiiiiiitnry HtittiiimiH 

of the form 

“/i(«)/;(^i/i ijiti .............. 42:11 

where/u/a^/n/i imrticnikr fiinclltiiis ttf iIirir urgmmnitH mul 
«> particular fiinctitum of TIiim motliocl mm 

used by D. Bernoulli in 17112 in the ir«mtitioiil «»f tin* vihrulioiis 
of a hanging cham»the pirtial ditlenuiliiil f*i|tiiilioii h«uiig Imw- 

ever in this case ditibriuit. 

The general theory of i*h‘nieiit4iry soliitioiiH in due to Lnmo* 
who transformed Jjiphmcfs equation iiit4eeiirvilitii*iir eiH^rdiiiiites. 
For a historical Jiceount of the dt*Vfkq)iiii»iii of liie Itieory we 
may refer to Prof. Bdcdiers binik Dm 
dar Potentialtimone, Lijipzig (IHII4) mid t4> llyeriya Fmtrmr 
Series and Sphmeal Ilarfmfdm. 

A simple elementary solution «f tin* wiive-t»t|iiiilioii m 
obtained by putting tmii iJnm 

take 

% m $lm^m§ + rij A|if ,( 24 ) 

where the constants 4 w., n, p satisfy the ndiition 

+ + ............ 

and can be either real or complex 

When p is a purely imaginary qiiiiiitity and I, n unre¬ 
stricted, the solution is periodic and more goiiPnil iMiriotltti 
solutions maybe derived from this one by Miiiniimtsoin I. iii, m 
being regarded as variable piramatiiiin siibjiict t 4 i tJto itdfititiii 
( 26 ). When l,m,n are purely imaginary the ( 24 ) m 

appropriate for the representation of pliino of itiomi- 

chromatic light, the intensity and phi»ii of which mm the wiitio 
at all points of any plane peipimdiculiir to tlm dm^%km of 
propagation. 


* LimmiWi Jmtmai, %. % pp. 147-lSS; mt i« mw^m.nm 

Pans (1859). Bm «lso 1. Matibitu, Omm # pif 




nj 


F.LKMKNTAHY SOLUTIONS 




l''aking m = n = 0, i = v so that th(i axis of x is in thc^ 

(lirc'ction of propagation, vve may write 

E.JC, ~ Ez - Hjc. — 111! = 0 , E^ = a cos v {x — ct), 

Hx “= (I cm If (in Gt) .( 2 (>) 

wh(‘rc a is a consta.nt. ’'riiesc' wav(\s will said to be limuirly 
polariH(‘d in a dirt'ction paralhd to t}u‘ axis of y and will be 
callcsl homogmieouH becanst^ E and II do not d(‘pend on t/and z. 
It will b(^. notic.iHi that the constant c reprc'mmts th(^. velocity of 
propagati(m of a phasi^ of tlu' disturbance, 

A wavcvfunction of the typc^ 

fi ~ sin vx cos vot 


is appropriate for tln^ reprcHcmtation of standing waves. Kx« 
pn'Hsions f<^r E and H may bc^ writtcui down by analogy with 
the, abovix To obtain a n^presimtation of plane waves in a 
conducting nu^iliuni, we must use a solution of 


dhi 

(h^ 


4" = 0, 


where ^‘Mias tlu^ compltix value given in |B. Putting F- 0, 
f/«s (0,0,we find that 

E^ « Elf X » 0 , Ey * 

//^ ra ik ... .( 27 ) 

wherc^ the real parts of thc^ cpiantiticss art‘ reiainocl If 

^ sa ^ p tV; 

where t| is positive, tin.' oBcillations of th(^ vi^ctor E are clamped 
owing to the exponential faehm 0"*^***. 

Tht^ ehuncmtary elcH!trornagm44C fields that have* just biam 
found arc fundamenbd in thc^ theory of tlu^ reflection and 
refraction of light at a plane surface. This th<*ory is givtm in 
the text-bis^ks cm Physical Optics^ and mm\ ntdi bc^ reprochict^ 
here. Various attmnpts liave betm madef to proven tlmt any 

* Bit for iriilunoti, Woocl’i Fh^dml C^alrt (1911), Ch, IS; Jcmm, Mki> 
tridtn mmt (1911), Ch. IS. 

t Bm for initaaoi a of by Cl. Jolmiloui Btonoy, Phil, Mag. 

(0), VoL 4a (IB97), pp. 189, 978,868; ?oL 44,pp. 98,906; BHL dmn, MiperU 
(1909), p. 089; Phil. Mag. Fib. 1908. Tbo idem i« prolmbly du© to Stokw. 





electromagnetic diBturbanec in iho iioi-lu^r m 

the sum of a fmitt‘. or InfiniU^ launla'r of olomfiitury ili'4t.iirl)iiiiooH 
of the character of plaiu‘“Wavi\s tnivelliiig in viirioiiM ilirrrliona 
Such a representation in gcuu^mlly only siiit.fibli* within it 
restricted domaiiuif the variahlen //, sj; iievoilfirimB, it may 
sometimes be employc3d with utivantiigt*. 

When waves of all directions and iin^ rcuisith^riHl, 

the method of summation kmils to Whittaker’s ftiriuiilii* 

n 2ir 

f[s sin a cos ^ + y sin a nin 0 + s van a - ti. a, 0 j 

& 

xsina.(/ar/^ ....("2H| 

for a wave-function. The ciime when 

/[ 0] * ^<i) <w 

0 f > ^ 

has been used by Debyaf in a discrtission of the betifiviotir of 
waves of light in the vicinity of a foctia In mtler thut mi 
integral of the type (28) may repnwuifc n Wfive-fiiiietitut it i« 
not necessary for the limits of iiik‘gmtiort to be ilunti* aliosiui. 
The limits for a may, for instance, be C) mid 0 where 0 k a 
root of an equation of type 

w sin ^ cos ^ + 1 / sin 0 sin ^ 4* # cos fl - rl ^ F (#). 

In order to obtain other types of elenienlary it i« 

necessary to transform our differential ei|tiiiiioHfi tii ii nysttun of 
orthogonal coordinates (a, v, w) for which thi» Ikumr elefiifuit t» 

given by 


rfi# ih^ diif 

“ . 


-m. 


If ir„, lu are the three C(im{K)nent« i>f a vt-ekir II in 
directions normal to the surfact^fl a * conat., a » eoiwt., w »<*o«8£. 
through a point (ir,;(/, z), the correnponding (5omjH«i«*ntH «f n»t // 
are of the type| 


VW 


1. (EA _ ® 

do \W/ dm \ F/_ 


,(30), 


* Sfath. Ann. (1908). See ako G. N. Wataon, i¥w», «/ Metih. Vol. H» 
(1906), p. 98. 

t Aim. A. Pliyi. Vol. 80 (1909), p. 785. 

t See (or instanoe, H. M. MaodonaW, KketH<! H^am, Oh. 8; M. AMimii, 
Math. Am. Bd. 62, p. 81. Borne very general transformaMon-forroulae am 



iht' nvw for div // in 

() / Hu \ . ^ 


IIV ir 


/ \ f \ \ f IIW \ 

\v\rj^dv\wii) ^'dwKuvj 


du 


d (II. 


...( 81 ), 


and tlu^ wavt‘-iM|uat.ion lHH‘oin(*s* 

?) 

du, 


l/Fir 


/ U (kf>\ d i V dip\ d / W d(f>\ 

[vw <hi) ^ do) dw [uvdw) 


I 

'ac“ ■ 


.(^ 2 ). 


li in a.lsn Honu‘tiuu\s advaiit.a^(*ouH to Iransidnn the wave- 
tHiiiaiiiai t.o a nysUaii nf ctHU’dinates (dr winch 

(Lr^ I (If + <lz^ - IPdr\ 

tlu‘ wavi*'(Mjuataiin t.lu*n hcc(Hin‘H 


a (ifODim d P'lHiihh d /i>xiHd<^\ 

d^[ A II FA kJ 

"ArV n drj^ 


..( 88 ). 


§ 12. Tho goEomlisatiori of wavo-toctions, 

Whcti a Hiititiun td' the wavt‘«t‘c|tiatinn has btaai obtained 
(»thcr HolutioiiH may be dtaived from it In variouH ways, .For 
iimtatice, the function ebtaimal by diilerentiating the given 
wav<‘«ftmctien any numlHu*t»f tinu*h with n^gartl to tlu^ coordinatcH 
ii% If, 2, t, in ats<> a wave-funetiom By adding iogtiilua* arbitrary 
conHtiuit nmltiph^H «d’ all thc' wave-fnmi.ionH <i>tained in tluB 
way wt‘ may obtain a very general type* of wavi^-fmmtion. 

Anotluu* meihiMl af gemaidiHiition is to make an arbitrary 
change of rt'ctangnliir axt'H. Ida* waveoHniation in a coviiriant 
for such II transformation and ho ih a vvavedunetion of tiu* now 
cocu**linatt*a A number of iirbitrnry ctiuntantH can bc^ intr<Hluct‘d 
into tin* » 4 nti<m in thin way. Wi* can also make a lint*ar 
transformation of coortlinati*H for which tiie exprcHnion 

fionteinpil in the |m|wr« of V, Vtiiterm, llrntl. idmri. Her. 4^ Vol. iS, pp. 6911, 
IIIMI (iHHlIh iiiiti J. ntiriner* CfOiila, l*hil, Tmm. Vt9, 14 p. 121, 

* Iifiinth ./ettrn. ilr tHfidr /*el|/lfT/i«C|in% C’lih. 2*1 (tHtCI), p, 216; /.fgnw 
Mur lr» riirrlll||iii"«, t. ti* A iiiiiiplifliHl pret»f wiwi ptililkhwl bj Lorti 

Kiilviii, tViwIir. Mtilh, Jtmm, V«L 4 {1H4#I), 
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rcHiains mialtoml in form and tho {iroct'ding rfiimrk.H ntill imld 
good. 

To illnstratt'. thiH lot, us fii'st. of all add togot hor i \vt» {Mirtioidar 
cases of Euler’s wavo-funct.ion f{r + ct), vi*/.. 

I , 1 

T^r-ct) r{r + d)' 

wo then see that (r'-s-cV)"* is a wavi'-fimetion. (lonoraliHing 
this by writing ®-.r„ y —z - t - in plaeo of //, /, 

we obtain the*, wave-function 


_ I 

"f" (// ~ + (^ ■' -o)* ■ ■ 


.( 34 ). 


When we have obtained a wave-function involving one or 
more: ailjitrary parainett'ra we may obtain otheni from it, by 
differentiating with reganl to tins psinuneters, i>r by integ^nting 
with:rogard to them after having multiplied the »*x(»res«tion by 
an arbitrary function of the (mrnmeU*rs, For insfauee, fnun 
the above wave-function wo may derive thi« mom* geneml wave- 
function 


/(T)dT 

J (®-a3oy-l-(y-yoy + (s-«„)’“-cMf ■> tF. 


whore the integration is betwrasn constant limita. It is n<4. 
however, really necessary for the limits to Is* coiiHlaut, wo may 

for instance take them to be - oo and *(r + r,,), whore 

J"o“ = -1- yo“ + V- The rosulting integral is thtui a wave-fimction 

provided/( t) behaves in a suitable maimer. If we fake/( t) » I. 
we obtain a wave-function 


•a 



ii — r ~ r„ 
ffl -f- r ”1“ Ty 




where %)»+ (y - 

This function is indopendont of t and so must b« a milntion .»f 
Laplane’s equation Am — O. It is cltwtily connected with the 

fanction ati n ^ ir.j » 



n] 


THE METHOD OF TRANSFORMATION 


til 


§ 13. Transformations. 

Ill addition to tho liru^ar tnuisfonnations that havc^ alroady 
Ix'tai int^ntioiKHl tlnn'ti arc C(^rtain other transfonnations which 
(uiabh' UH to pass from one* wav<‘~ftiuction to another^. 

Th(‘ first transfonnation, which is analogous to inversion, is 
d(‘fin(Hl by t!u^. iMpiationH 


m 


f V r ^ 


whc‘n‘. 


r 

.3 _ 


f: 


.( 37 ) 


It is easy to verify that if f(x, y, s, t) is a wave-function, 


theui 


1 /X n z t\ 
.v5-'V.V»’ .S"*’ W 




in alw) a wavo-functionf. 

'rh<s tiranHformabioti ihJ 

^ ' y 


ct ’ 


y 


■cV + l 


, r« - cV - 1 , _ 7-’ 

s~ct' “ ' 2 {z — ct)’ ~ 2 c{z — ct) 


.( 39 ). 


...( 40 ) 


It. is (*iwy to vorify that if f(w,y, z,t) ia a wavo-function. 
thiai 

I .[ w y «“--l »»+l ” 

z — c.t^ j — ct' z — ot' 2(.r — ci)’ 'lc{z — ci)_ 

Ih alHo a wave-function. Sinoe ih a wave-function w<5 

niay fkxluce in thin way that 

1 

Q s-et 

is a wave-fnn(5tion. 

It should be noticed that if wv put — a*=*^ 4 *c^, 

a funcdiion of the' type 

n » F (r, y, t) ....( 41 ) 


^ Fta ft gfimiml ftoeourit cf tluiiw) tmnsforirifttlonH mm a paper by tlie author, 
Prof, tmidim Math. Hoe, Hor, 2, ?ol. 7 (190«), 

t Thift of oouniis li a wimpki g©wttni.li»atic«i of KolvIrCti thoorem for LaplfUftCft 
equrttioru 'Pho gimemllutUion to t!io oorroiporiding iKiuatlon In n mriabloM in 
uieiiilouiMl by BtMior, Bull, of Uw A met. Math, Hoe, Voh 9 (190S), p. 459. 

I i*rm\ l,ondtm Math, Hot, Bor. *i, VoL 7 (1909). Thin trimufornifttion l« 
oc|uivftIiiuti to ft ©.oriformal triwaifomtafcioit of a »piujo of four diiuonikuw whiob 
wiiM diseoviirfid by Oiuuoiift. Of. Darlioui, ^ur les ^yutkmm oHhogmmu^ 







wave-functum if ifn* tiitlrriiif 1,4! 

i''^F i'F 


I if f^T 


Tho wave-f\inctit>n \xv liavr jtiNt ohlaiin'*! iitiiiniirH tliai 


is a solution of thoal>ov<*«M|UfitiiiiL is fiiiplaiiiiitiai 

ill the tht'.ory of thi‘ otuuhuiifui of It in lluii uny 

solution of thc^ c‘(|uaiiun tif tin* ooiitiiitiion nf Ihm! in twti 
cliinenHitmH can be nneil lo tHuiMlriiti a wave tiiniiiuii. 

Our second traimfonnaiitui ilii'umii fur tfir ttiuf e<|ii*itiiui 
also tells us that if //, t) is a Hitliitioii itf ifp* r»|iiiiiiini i 42 | 
the function 


0 n F{ , * , 

T Y 


is also a solution. This ri'sult is due to J, Brill* iiiitl A|i|« 4 H*, 
Tho corresponding ihcoreitw for the twie’^tliiiieiisioiuil iviivt** 

equation 

f#F I iPV 

. 

are first that if f{m, y, I) is a wave-fiiiiciioti and 
the function 

A !•). 

is also a wavo-functioii. Thin in ecjuivnlciit P.ni Krlvii»’}< 
theoroiri for Laplaco's equation if wt* Kimpty rcjsiiw’i* iet l>y ». 

The second theorem is that ify, <) in n win r-fmu’t inti, 
then 

1 ,.r m «»- I I,».f I I 

Vy-cr 2(//-c0’ &(// m . 

is also a wave-function. Writing ir«y r/, «■ * y J r! an 
before we find that u » e-^F{x, r) is a wave-fuiwtion if 

d^F dF 

.OH). 


^ Mmimiger af MathfimUeB 
t LimmiWg JimmaL Etr. 4. i « fl»4k 
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33 


The Ht’ctnid t.heoreid can now be hhccI io bHow that 

F e ...(49) 

,H a Hohition of thin (‘([uation ami that F{m, r) in one soliitioB 
^hc function 



iH alno a Holutioru Thin tluM>nuu in llk<nviHC due to Brill ami 
Appclh it t‘vi(l(‘ntly be g(‘ncrali«c<l to the ccpiation in 
variabk‘H. 


EXAMPLES. 


L Prove that it in posHible for a train of plane eleotric wavoH 
to travt^ along an inlluite incvlated nlah of dielectrie material wittimit 
being dinnipatiHl by apreatling out into the fuljiment <anpty apace. Bh<»w 
that if 2a ia the thicknenH and K the inductivity of the alab, the vedocity 
r)f pro|Migation of nuch waven of length X along the nlahj when polarii«i<i no 
that their magnetics vecU^r in jjiirallttl tcj it| in 




(i+«=>)h 


wlmm B in tlm lowent real or the pun^ imaginary root of ilni equation 


tan 


r> 


(liimnor, (Jainhr, Math. Tripon, Part 11, IIKHI.) 


2. Prove that with the m»tation of § L% the function 

1 . ir+% 

(j;—+(|/ -+{z ' 4 “^,)*^—(i - ^^ 4 - 4 -- tf 

in a wave-fnnotion, A^iAh 4 laiitig arhitrary coiwtantfi, 


3. If F{.% y, s, t) In a wolution of the wave“ec|Uii.tion, the function 


^ % i) 

Jo r r rj 


dr 


Ih, under wuitable conditionw, a aolution of the ©t|Ufttion 


I Tit V 


dv 


A ' 4« 

^ (I di ’ 

Tlie cfuimtlty # hiw the rntmiiing fWMignti! to it in § IS and i» Mup|M>iiiid In 
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4. Tbo function 


-ii 




satisfies the equation 


rH* PV iir 

^ f'#/** ei 


of the conductiou of h«t in two iliiiioiiHiiiiifi; it m /on* ovor a muiiiTiifr 
lino which covers part of this lixk f»f «r iiihI uiovom m Ifio pi^itivo lUrm^i 
with uniform velocity v. The i.Hoflieriiiiil nt iiny givi'ts ioMtiyit 

confocal 


6 . Provo that, imiier suiWile liiiiitiitioiiM, the fiiiiriioit 


F-j^ c 




.<■* I f, 


is a solution of 

Obtain in this way the imrticiikr Mohitioii 




6. Rrove that if the intiigriil 


f* 

Jo 


4fi* - 4€II ^ 


satisfies a^F atF d*V^ riP 

satisfles ^ ,r, , 

and if the intofral 




satisfies 


a»F asp ar 




7 . Prove that if the it.ti^a 

v<m f” + 


eatiafies the equation 


d'V . a»p 






CHAPTER ITl 


POLAR (COORDINATES 


§ 14 The elementary solutions. 

If wc mal«‘ Laplac<f8 transfonaatioii 

X — r nin 0 coh t/»r nin 0 nin <p, z cos 6 ...(51), 
thi^ cajuation Au 4 k'Hi = 0 beceinoB 


d^n 2 du> 


1 




+ 


1 d'u 


d$/ r^nm^ 0?<pi^ 

Thin is by a function of the form 


+ A;»m«0...(52). 


+ m® »«0 


1 <l f • a' 

H\n $ d6\^^ dOj 
d.^n , 'idlt 

dr‘^ r dr 


w(a+l)* 


nir 

mif0 


.(6S), 

s= 0.-.(54), 


^~M(a+l) 


ii»0 . 


Th(% fiwt cHjtiafcien in HatiHlkal by 4 >» cob (m^ 4 a), tht^ 
bocoikI by iVRcoH 0) and Q/^(coh0), where those are the 
aHHociatocl liOgonclns functions. The third equation may be 
written in Bessel’n hu’m 

,5 - in + D* I 


<Pw ^ 1 dw ^ 
r (ir 


w»0 


.( 66 ), 


whens w »• rOi, and iu fKitiHfio<l by »r,i+i (^) (hr). 

In thewj HohitionH m and n can have any constant values. 
It should b(J noticed that when a +1 is an integer the Bessel 
functions that have j net been written down are not indejxjndent 
and the second solution (Ar) of Bossel’s equation must be 
used. 
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In dealing with a prebk*in nnch m the tdleef tif an ohniaek* 
on a train of electric wavcH, the «ecoiidiiry wavi‘K Krnt. ouf frtnii 
the obstacle mast havt^ tht‘ eharaeter of diverging warm af, u 
great dishmce from tht^ tdmtficle. In tfie mmv h 0 the diflereii- 
tial equation for M m satinfiecl l>y 

and if the wil pirt <^f k han the Hanie ^ign m m when the 
electric and tnagnetic fon^es art^ the real {iirtn of expregHiorw 
of the form we can obtain ii «o!iition ii{>{mi{irtiit 4 ‘ for the 

representetion of a divc^rging wave liy hiking lli«* {M»Kitivt‘'f^igii, 
for then we have a function cjf tht» ft»rfri 

r ' 

Neither of the given nolutioiiH of IleMMidn i^ijiiuiton Inm thi* 

required form in fact 

/j (kr) - ,y/^8in At, J.. j (kr) <-w At. 

We may, however, obtain Holntions of the form {lil) by t 4 iking a 
suitable combination of the preceding wdiitions. 

In the case of electromagnetic flelda in the fr«-e aether tli«‘ 
physical interpretation of the eleim-ntory wave-fimt^tioiiH whi'n 
n is zero is as follows* : 

1 

- cos k{r-‘Ct) Progrtissive divergent waves. 

“ cos A; (r + ct) Progressive convergent waves. 

^ cos At . cos ket Standing forctsl waves, wmrce at origin. 

1 

- sin At. cos ket Standing fnte waves. 

To obtain the solution of (56) appropriate for divergent 
waves when n has any value we writef 

• A fuller disoussion 1 b given by A. BommerfeM, JahmhrHi-hl d«r dmurh 
math. Versin, Bd. 21 (1918). 

t The theory ie due to Stokes, I»M1. JVaiw. Vol. 15S (ia«H), p 447. 
Colleated Papert, Yol. 4, p. 821. Bee also llaylelgh’s fiimntl, Vol. a, «. 804’ 

It should bo jnentiioned that different notations are used by diffmwnt writoKi' 
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\/T '^'‘+1 

x.W-mV”-'' —!<*> = 

Vn (•«) " ‘^n («‘) - ^Xn (•'’) 

S',! (*)"«(••'■)+i%»00 


\ 



k..(58). 


J 


TheHi^ iic‘vv functioiiH eonnecicMl with Hankel’s 

cylindrical functiouH* by th(‘ ndationn 


■>?« {«•) ^ 


: ^^ nr ^ («.■), («••) = y7'-fi'^(4 


Wlnai ilu'. n^al part of x in largt^ and poHiiivc we have tlu^ 
aHyni|)t(d/ic (‘xpariBion 

i n(n4-l) 


Vn (a-) “ (- 


+ l iit. 
■ 1,) 6 


1 + 


2x I ! 


1 (« 
(2<vf 


1) ft(n +l)(n + 2) 


...(59). 


t4jnninatoH when n is an integer and then gives 
a tnu^ reprtwontatien of the function. To get f«(^) wo change 
tht^ sign of i Various other notations have boon need for the 
Holution of Bt^BorH txpmtion that is suitable for the representa¬ 
tion of divc»rging wavers. Ijimb UBim (i/»n4- J) to denote 
the solution of etpiation (66) which has the asymptotic value 



whil(‘. many other English writera use Ky(ix) to denote the 
H(»lution with the luiyniptotic form 



The following formulae will be found usoful: 




n * 

X 1 1 


iT3t7(2«+'^i) 

_ (kry (kry 

2(2n+3) 2 ;47(fnTf^(27r+5) 



.(60), 
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1 ><>I,AK OOOUniN’ATKS 






i >i (;i + 1) 
2kr I 


1 (ft-1)« (« + !)(«+ 2). (2«): 

..'2! •(2Ar)».«: 




Wo have writton (iown the lunt torui in tin- Kcri's nn the 
supposition that » is an intt'gor. In this c%'isi- 


(2ft + l)-^”f'*’^ = (/i+ I)t 


n -1 a ii i I (a') .. ), 

(2ft + ® (•'■) + (‘<')1 . 


4(^C) = 




-J’WWii 


'^eosh p&»ila 


‘ 2T(in> + i)K (») > - j 

.((!«). 


i* CO # 5^4 

J -OO ^ 

"!!«+I 


;i.>0, |i>0 (67). 


In the last fommla n and p are HiipiHmecl tu lii» iiitegem. 
For further propc^rties of Bessel functinnH th<? nwier sluiulcl 
consult Gray and Mathews' Tmitim tm Ikmd Fmtmtmm, 
Nielsen's Handbuch der CyliniUrfunktiimmh anil Whiit4i,kt*r« 
Analysis, Tables are givcm in the fii^t work iiiitf in *Iahtikt* 
and Emdc's FufMmmitafel% Leipzig (Teiibni^rk A tew ad¬ 
ditions to the tables have been niad«^ rt^ctniily by J. W. Hiidiolwai, 
Proc. London Math. Soc. Ser. 2, Vol 11, p. 104; Hitiiiik, Artkitf 
der MathmiaUk und Phydk {2\ Bd 20» Iftdl 3» Ifl 12 uf* li Airey, 
Phil. Mag. Vol 22 (1911), p. 85, Brit Ass. Mspmis (lllll); 
A. Lodge, Brit Ass. Reports (1909); J. (1. IsherwiKid, Blmtehmter 
Memoirs (1904). 

The best definitions of the gem^ralim.Hl Ij»genftrt* fiiiictioiw 
for unrestricted values of m and n are those given by IIob«:iii** 


* Phil. Tram. A, Vol. 187 (1896), pp. 1. W. llftmits hm 

given new definitions of the funotions m Inttpali involfiiig Oamaii. f■im©4ioii« 
which malte it possible for the principal formiilae to b# p»f«l fiiy qiilokly* 
His definition of differs from that of Hotwon hv a niim«ri<ml imAttrwM&h 



* WUUXJ. UAIU VHriHOlC IB COS 

^\i% Hucli that 0 <6 <7r. We may then pu 
lot/atioo of the (lamina and hypergeometr: 

to) 2 (“ '''■ + O 1 - w; 

.( 68 ), 

TT 1 

0 (n -f m) TT r (1 •— ‘/a) 

i)’jT CDfc*'* I f(^~ n, M +1 ; 1 - VI; mn^ 

^ n, H + I, 1 — m, . ( 69 ), 

coHcc"*^? /■« coa (n + |) 4 > 

'(Or(m +]’).'« (2 c<»h’<^ - 2 cos ^)i-® 

(7/i 4- i) > 0 . OO). 

ositivo. integer, wcj have 


^ fim 

«»(«)»(!-«;»)>* £„. Q„(^-) 

(sitiivo integer 

■n L* ‘it'in-l)"® 

(n-l)(«~2)(a-;j) _ 

2.4(2n-lU2M-:i^ 


-1.(m 
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[cn. 


The last two formulao illustnito the nu'thoil of dta-iving 

more complicated wavti-functioiiH from Kimplo ones hy iliiforou- 

tiation. The functions 

1 , 1 , r + z 

and log 
r Ir ^ r - z 

are in fact solutions of (52) when k ™ 0. 

The formula 

r +1' 

I Pn^ («j) (aO (h‘ « 0 {n ^ p) 

2 (n + m)l _ 

* 2/1 + 1 ‘(M — *w| 

in which m, n, v are positive integora or zero, oimhit'H tht^ 
coefficients in an expansion of a funciicai in staieH of funciiouH 
P^{x) to be detonninod by a simple integratiion. 

For farther properties of the Legcaidrct ftiiictioiiH we must 
refer to Heine's Kugelftmktiomn, Byerly s Fmirier Serm mid 
Spherical Harmonics, Whittaktir’s Ainalgsm, Niidstais Ilamlbmh 
der Oylinderfunktionen and Thiofie des ftmctium mikasphinqum, 
and to memoirs by E. W. Hobson* and B. W. Barnes +. 

Tables of the Legendre functions have Imhiii pulilished by 
J. W, L. GlaisherJ, J, Peixyl and A, Lodge|; some tal/les of 
the functions P^^(/u.) have been given by H. Tallquisili. 

For the history of the functions of I^tigeiidre an<l Bessid 
the reader should consult the article by A. Wangixin in the 
Encyklopddie der Mathematuchen Wmemohmfhfi, Bd. in 1* 
Heft 6 (1904), p. 695. 

§ 16. Relations between varions solmtions. 

We have already remarked that when a wiive-fttnction or 
a solution of equation (62) involving arbitoiry coiisfcfwiis has 
been found, other solutions may be darivtid from it by tln^ 
method of summation or inteipfation. By chtM/sing our sum m 
integral so that it represents certtnn simple solutions of thi^ 

* Proc. Londm Math, Sm, Set. I, Vol. 2$ (1891), f. 4Sl, mi ifi. ein 
+ QaarUrVy Jmmed, Vol. 89 (1908), p. 9T. 
t Brit, Abb, B^ori (1879). 

§ Bhil, Mag,, Deo. (1891). See also Bytrly, M. eii, 

11 Phil Tram, A, Vol. 208 (1904). 
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fuTidaniontal (‘.quation, a imiab(‘.r of iniportant identities may 
Ik‘ obtaimul. A few fonnula(‘. will be writtcat down to illustraU^. 
this*. 

If R'^ == r^‘ 4* ~ 2r7'i cos 

J\, vv ^ l) 


(H(‘in(' and Hobson).(77), 

1 J m 

C~ = ■ :£ (2« + 1) ■>/r„ (Ar) (h\) 1\ (COH 6) {n > r) 

Ah 

(Heine and Macdonald).(78), 




T 

ttJ , 


Hin(/i7i) 

0 R 


'4 i-i(^’n) n~^dr^ 


.( 79 ). 

W(i may illustrate tlu^ peculiar behaviour of certain definite 
intt^gral solutions of our fundamental equation by the following 
exampltj, in which k is supposed to be real and positive. 

tm 

Let /»(«)« I 

Jo 

fm ' 

whortf y( 0 iH H function Huch that | |Y(i)idi is convergent, 

Jo 

then it may be pn>v((d by moans of Fourier’s double integral 
theorem thatf 

11 {k>m) 

^fk (0 (k < w). 


Hence 



sin kM 
R 


fm (^i) dVi 


is a solution of (52) which reduces to cuther fm(r) or 
when ^ as 0. Solutions of (52) which are derived from the 
cd(unentary solutions by integrating with regard to n have 
beam employed by IL W. MarchJ. He makes use of an inversion- 
formulal 

* Home very g«n©ml fomulae ftw given by L. Gegonbftuor, MmaUh, f* Maih, 
Bd. 10 (1B99), p. 1S9. 

t Thin eqniUicm i« obWntd In a diffarent manner by 0-. H. Ha^y, Prnc. 
Lomkm Math. Boo. (2), VoL 7 (1909), p. 4«. 

X Ann. d. PhyMik^ BcL 87 (1012). Bee also H. Poinoar4, Cmiptm JRmdm^ 
t Mi (I9ri), p. 795; W. v. EybeynskI, Ann. li. Phy». Bd. 41 (1918). 

S Thii is in sonii Rispoeli analogous to tba invewion-fomula given by 
F. G. Mibkr, Math. Ann. Bd. IS (ISSl), p. 101, 
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Lt;H. 


■where 

Sa-i 


/(ff) = [ P„_j(cos0)>/r(a)afZoi j 

.(HO), 

rw ^ I 

^|r(a) -J _ I (C08 7)/(7) «ii> 7<h j 


(cos 7) = 


cos «7r 
7 

ttTT COS 

£* 


^ 2 p sin . (//i 
Triy [2 (cos7 — cos 




It is sometimes instructive to find how a wavcr-funciitui, 
depending on an arbitrary function, can be exprt^Hsed in tt*rms 
of elementary wave-functionH. Now in t.hc^ SiHauicl exainpki 
of § 5 the electric and magnetic forces art' all td' tht' fi>rrn 



r — d, 


± V/ 


mx 


or are the sums of tenns of this fonn. Consetiuenily, a function 
of this type may be e^cpected to be a wavt^-funciiim and it i» 
easy to verify that this is the case*. Wo may nc»w th'duet' that 




. (h;j) 


1 e*ikrjp ± ^?/ 

r V^ + 

0 

is a solution of ( 52 ) and consetiuently it follows tlmt 

0 # 

and cot^ ^ are solutions of equation (54) w^hcn n * 0. Wtt 

have in fact 


-tm"?). 

In the last formula m imint not be zero or a negative integer. 

§ 16. The convergence of series of elementary solutions. 

When A«0 our fundamental equation ( 52 ) reduces to 
Laplace's equation Au « 0 and we have thc^ familiar elementfiiy 

solutions 


eo^(cos (9): 


5 |r (m) (ton mir . 




* The theorem also follows immodiatelj from a iMull giwa hy A. B* 
Forsyth, Missmger of MaihmaUc$ (1898), p, 114 , mi B. W. Hotaoa, loc, ^If. 
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III] CONVEIUJENCE OS' SEllIKS 


r^Fn“' (4^ ~ 4<>^> F'^Qn" («<w &) COH m (<p — 4ti) 

:,:»+! ^ ^'> ^4 - 4«l Jh Qn" (c<>a ^) coa m - <j>„) 

.(H4). 

A pair of H(‘rii*H of iho iypi^. 

2:Q7»(^,<^), :i(^'J'"F„(0,4) 

which c(aiv(‘rg<^ wluai r^ct arc Huitabk^ for rcprcBontiiig harmonic 
functionH iiwidc* and otiinidc t.h(‘- nphcn^ r=*a becatiHC*. tho tirnt 
convorg(‘H abBtiluk^Iy whc^n r < a and t.lu^ Hceond when r >a. 

Tlu‘. cjiHi' in wliieh k^i) in vcny nimilar. When n in large 
tho. fimctiiori {kr) may bc‘ replaecal by 

H 

\.n .7. (2//.+ i) 

and HO a Borii*H of tho f<»rm 


0 © 

V 




'knikrU.ie, 4) 


convorgoH liko u {K)Wor Hi'ru^n. Agiiin, when kr ia real, wo have 


irn(A»-)!« 


■*■ f! 4 (« - e «('i + 1) (n + 2). + ... 


+ 


l.3...(2?i-l) 

2.4...(2«) 


(2h!) 


1 

(^j.)an 


(85X 


n being a {Kmitive ink.^gia\ It m clt^ar from thin tKjuation that 
i (^t) I tliK^sreiiHOH m r incjnmsi'^B, hence if a Hories of the form 

S {kr)fn 

corivergi*H aliHolutely for any miliw of r it ccmv(3rges absolutely 
for all griiater vii1iu»h of r. 

For a di«euHHion of the convergence of serioB of spherical 
hannonicH we may itdbr k» (1 NeurnanifH book Ueher die naoh 
KrmM-^ K ugel-nnd (h/linder^^ Fimktimenfortichreitendm Entmoke- 
Imgen^ Lciipi5ig(I8Hl); to lleincfs KugelfmMionen, Bd. 1, p, 435, 
Bd. 2, p. 361, and to papers by U. Dini, Ann. di Mat (2), t. 6 

flA*74tV M pAinmiwH RamhtM t 11ft m 497 ! 




Gronwall, Math, Ami, Vol 74 Vol. 75 (!fH4), (kmptes 

Rendus (ldl4i), Amer, Jan. {lfH4), Vol, ir>; iX tJ<)n!an, 

Oours d'Analyse, 2nd ed.j Vol. 2, p. 252 ; and B. H. Camp. Bull, 
of the Anier, Math, Boc, Vol. 18 (11112), p, 285. The con¬ 
vergence of sericvS of Lc'gtaidri! |K)lynmnials haa bctai iliHcuHHt»d 
very thoroughly by G. Darboux, Lioinnlles ffounud (2), t. L9 
(1874), p. 1; (3), t. 4, p. 393; 0. Bhmuuithii!, DimTtatiaih 
Gottingen (1898); K W. Hobaon, London i/f/Z/i. Bon (2), 
Vol 7 (1909); L. F^jer, Math, Ann, Bd. b7, p. 7fB lb JaekHiUi, 
Amer, Trans, Vol. 13 (1912). 

§ 17. The scattering of plane homogeneous electro¬ 
magnetic waves by a spherical obstacle. 

The effect of small {mrtielcB in Hcaibuing incident, radiation 
has been discussed very thoroughly by Eaylcigh* wh(» has 
used it as the basis of a mathematical theory td’ the bhu^ colotir 
of the sky. The action of a single spherical |iiirtic]c is of 
fundamental importance and so the idectromagiieiic thetjry 
of the scattering of light by a dielectric sphere has worktsi 
out by Lord Rayleighf, Prof. liovej and athc^r writiau This 
theory can also be developed so as to cover tlu^ mathtuiiatieal 
theory of the rainbow. 

The more general theory of the scattering of inctd«mt radia¬ 
tion by a spherical obstacle! with arbitrary optica! pri>|Hirtii^s!i 
admits of some very interesting applicatiema in tihe «t4idj of the 
colours exhibited by metal glasses, metallic films ami colloidal 
solutions or suspensions of metals. The electromagnetic theory 
of these colours has been developed by J, Maxwell Garnetitf, 
G. Mie*^, R, Gansff and Happelff, wht> have coiiftiilenal 

Phil. Mag, Vol. 41 (1871), pp. 107, 274, 447; Vol 12 (ISSl), p. SI; 
Collected Papers, YoL 1, pp. 87, 104, §18. 

t Phil. Mag. Vol. 44 (1897), pp. 2B~52; iJolleetmi IVipirs, Vol, 4, p. S2l; 
Proc. Moy. Soc. Vol. 84 (1910), p. 25 ; Vol 90 (1914), p. 219. 

t Proc. London Math. Soc. Vol. 20 (1899), p. BOS. 

§ The work of Sfeokee, Camb. 'Ibram. Vol 9 (1849), p, I, wllh kter appll 
oatioas, Collected Papers, Vol 4, and of li. Lor©n«, WM. Vol 2 

p. 70, opened up the subject. 

II The case of small conductivity was discuss^ by 0, W, Walktr, Quart, 
Joum, Vol SO (1899), p. 204; Vol. SI (1900), p. S0. 

IF Phil Tram. A, Vol 208 (1904), p. 885; Vol 205 (1905), p. 217 . 

Ann. d. Phys. Vol 25 (1908), p. 877. 

JLiJ* T'Xt.Jt *€7*^1 AA /*! AAA\ _ t?k6‘\J\ ^ 



fSriilUHlUAIj UiiSTACl^E 


U 




u\ caHCH of Hph(T(\s and ollipaoidH <aidowed with the optical 
matants €, /x, <t. 

'irhe pirticular cant^ of a pc^.rfectly conducting apherc was 
worked out by J. J. ''PhornBon* and has been diacuasod in 
reater d<‘tail by J. W. NicholBoii "f. 

1110 probkuu is alno of importance in connection with the 
h(M)ry of conudiH* taila which haa been developed by Euler, 
'‘itzdt'raldj: and Arrh(unuB§. The preBBure of light on a 
•erfectly conductinig apherical obatack^ has accordingly been 
alculat<‘d by K. SchwarzBchild|| and J. W. NicholsonH. The 
core getuuiil cast^ of a spluTc^ with the', optical constants e, /x, <r 
lan be.en tri‘ati‘d veuy fully by 1*. Debye^*. 

L(d» tiB aHHume that tln^ e.k*ctric and magnetic forces H' 
i,t any p(unt» of spact* arc! thc^ r(‘al parts of vectors H of the 
bnn whca’c* A is a compk^x (juantity independent of t 

tlum write 


It ± ivE - Me^\ where .(86) 

flM 

ukI wo find that thti <liff('rc>.ntial equiitions Hatinfiod by J/ in a 
iiediutn whone, npticjil conHtantH are e, /Lt, <r can bo written in 
;.he ti)rm 


±hMr 


I 

Hill 6 


a 

de 


{r nin ^. ^f^) 



\ 


± kMi 


1 

r win 0 


dMr 


^ {r Hin 0 . M^) 

dr 


± kM^ ’ 


dr 


(rAQ 


dM; 

df 


(H7), 


/ 


whi^re k 


or L- 


— ifAcrm 

c"''.. 


** Ummi Umrarehn^ p, 4li7. 

\ /W. Muth, Hoe, (2), VoL 9 (1910), p. 67; VoL 11 (1912), p. 277. 

t SHimtiftr pp. IDH, 

I Phii», ZdtMfhr, VoL *i (1901), pp. HI--97 ; Pom n\rden ier Weltm, Leipzig 
(1907), p. m. 

II Hitx'ung^hir, tL KijL fkt'yer, Akad, d, VoL SI (1901), p. 29B. 

If Mrituh AmaedaUtm (1910), p. W4; APmthly Notices of the Iloyal 

dMirofumiral VoL 70, p. 044. Beii aIho J. Froadaian, ibid, VoL 78 (1918), 

p. BM, 

** iL Phydk, VoL 80 (1909), p. 87. 





These equations may l)e witisfiiHi by putting 

IdHril) k diril) 
r drde ^rsinO d<l> 

if*= 

^ rmiiB drd^ r d0 

where the function fi* U ± tV m a Bolntion of (52). 

The electric and niagncatic foreoH may bt* dtunvod at onct‘ 
from thoBO expreBsions by iH}Uiiting the ambiguouH and un¬ 
ambiguous parts as t^xplained in § 2. 

We shall now assume!! that the incidtuit wa\a^ of plam‘ 
homogeaeouB monochromatic {KdariscHl light is n‘pr<‘muiksl by 

(Mr, Mff, M4,) = (Bill cem 0, ± i) . .(8f)X 

the electric vector being paraded to the axis off. 

The corresponding function fl^ is obtained by stdving the*- 
equation 

~ (rOo) + k^rn, - sin 6. 

We easily find that 

rOj=[cosoc B. «**»■“*» + (0, 

.(90). 

Ohoosing the unknown functions so that finite for 6=m0 
and ^ = TT wo obtain finally 

ra = 2 cosoc B. - cot | - tan | 

.(»l)- 

We may now assume an expansion for rSl^ of the form 

^ On'^n (^) a*’(c(« 0- 

ll»l 

To determine the coefficients On we multiply by sin B and 
'differentiate both sides of the equation. Then 8in(» 

d r • /I Tn 1 / /ivT A. 





i(‘ c(H^rticientH may bo <leti‘rmiiied at oticc with the aid of 
,or(l IlayloigliH cvxpanHioa^ 


ikr nin 0 . e'^*^*’***^» {2n + 1) ‘\Jrn {kr) 0) nin 0 

n ■■a> 


.(98). 


Wo iliUH obtain 


H I 


2n +1 

71 {71 "f ,1) 


i^n (^’^0 /V (COB 0) .(94). 


Now lt‘t ill, fla bo tbo fuiictions from which the electric 
ml magmd.ic forc4‘H in the* Bcatk^riHl light and trariBinitted 
ight may bo dtnivod roHp(‘ctiv(dy. lln^, appropriate forms ai'c 
fivmi by tHpiaiionn of the typ('. 


.( 95 ), 


■(96), 


rlli = 5i (^'^O (cob 0) cos ^ 

nml 

m 

r F, «> iv (kr) /V (coh ff) win <j> 

#«al 

rPg» S (hr) JV (cob 0) cos <;6] 

m 

r Fy /4 (cob 0) sin ^ 


whore h, t; are the valines of k, p reH|HKdivt^ly within the sphere. 

It is oaBy to deducts from (88) that the tangential components 
of the eh'ctric and magmdic forces are continuous in crossing 
the sphere r * a, if when r » a 

kiV, + V,)~hV, 


.(97). 


* Tfmry o/ Himmlf VoL *i, p. 21% Tha ©xpaiiBion wm algo obfcamed 
iadepadwtly by Htiae, Kugi^mMimm (1878), Bd* 1, p. 82. 







^ f A 


Those conditions givt' 


J An^n (ka) - ^ Cntn (/»') = + I) 


1 -km 2«+l , , . 

^s'k.Ak(i) 


(ka) - hC\ir,: (ha) = J t'* H \ ^ t,; (ka) 


kBMka)-hD^fnil>a): 


1 .. 


(«■ 

2w + I 




.( 08 ). 


BnW{ka)-^Dn-fnika )^2 ‘ ,w” "t ^14 ^ 

Solving those we gi^,t 

^ Q „ ‘'( inH + 1 

= t«+> + ‘ .f", A. = ^ f’*, 

n(n+ l)Ln hk «(« + I) Z^,, 

whore 

zr««■ (to) (ha) — pyfr^ (to) a|r„ (/nt) 

- t^n(ka) ■fn (ha) - ijf'n (to) •fn (ha) 

(ka) -^Irn (to,) - (to) i/r,/ (to) ■ .. .(99). 

(?„ =* (Aa) (to) — vf',/ {A-<{) sir,, (ha) 

Xifi =» I'^n (to) fn (to) — (An.) (An) 

We can prove that our Hories all convtwge abHiiliiUily and 
uniformly at about the same rate as a |K)wer m'rioK of the form 

^ir9".7(2a+l)’ 

where ai is either kr or ^ . The pnsif dc'ixmdH on the fact, 
that when n is largo wo have approximatt'Iy 

fn (®) 1 • 3... (2 h -1) Miar»‘”>e“A 


§ 18. Free damped vibrations for the space outside the 
►here. 

It nhould hi\ n()tic(Ml that Honu‘. of the tonus of our sericB 
icoiuo iiifujiitt^ wluui (utho.r (/n — O or = fortunately, 
)W(^ViU\ i»lu^ roots of tht^so tHjuations turn out to bo complex 
id HO when k m hmiI no values of k iuhkI bo excluded from the 
HCUHslon. dampcul vibrations determined by the roots of 

ecjuatioiiH may be distinguished as the electnc 

bratuyns^ thosi^ dettaanined by (^<juationH of type Gn^O as the 
(upietio vibrations. Honu'. of tln^ roots of the equations have 
HUi caleulattHl for tlu^- caHt^ of a totally rofltKdang sphere by 
ir J. tL Thomson^, who finds that th(^ roots arc all complex, 
ht^ vibrations for tlie spaci*- iiiside a totally rtdlocting splu^xe 
ive betm discuHsed by Ih'of. J. W, Nicholsonf, those for the 
)act^ bcdiWtHUi two conccuitric splunt^s by Sir J. J. ThomsonJ, 
ir JoHcqdi l4iu*mor§, Prof, H. M. MacdonaldH and A. Lampall. 

l\ De.bye, who has calctdated sonu^ of the roots for a case of 
dicdt^ctric sphere, finds that the roots are complex and of two 
q)es. When tlu.^ indi^x of refraction is large, the imaginary 
irt of a root of thc^ first typt' varies very little with the index 
* ndraction N and approimhas a limit ditlerent from zero when 
"-> 00 . Jf on the other hand p is a root of the second type, 
p tends it) a finite real limit, viz. a root of (Np) =» 0, when 
^—>00 and so the imaginary part of a root of this typo must 
3 very small when M is large. 

The vibrations belonging to thc^ space outside a sphere 
mst be in all cases damptnl on account of the loss of energy by 
uliation; when the refractive indices of the outside medium 
:id spht^re arc^ very nc*.arly equal, they are clearly very strongly 
iimpecl; thus it is only when the refractive index is laxg© that 
>me of them are durable. It is doubtful whether a substimc© 
icists which has a large refnmtive index and does not absorb 
ght to a marked extent, 

^ i*rm. Lmukm Math. Sm. Bfir. I, Voi. M (1884), p. 197; Mcmt Ilmmrcfm, 

mi. 

t PML Mag. 1906, p. 708, 

% limmmhe»^ p. 878. 

I Pmo. Lmuimi Math. B©r. I, VoL 96 (1894), p. 119. 

jj Mkcirie WmeM^ Obapters 6»-7« H Wim. Mer. 119 (1908), p. 87. 
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It will be seen lat('r t,hat the. chnnvc ter inti c vibnifioiia play 
an important part in (letenaining the .size of tin* sphere on 
which the presaure of a given tyjK* of ineidenf. rmliation luw 
a maximum value. 

Prof. Love* hiw naed tht! 8t)hitions correKjKuuiitig to the 
characteristic vibrations to (li.scuKH the mode of decay of an 
arbitraiy initial diaturbiuice. Ih; make.H u.se, in facf., of the 
functions whiiro k ia om^ of the roots of <tiH) of this 

equations oidy tin; splusre ia trejiU'd as a {H'rfeet 

conductor. 

This method can easily bo (*xk‘mie«l wi as to providti ua 
with a method of discussing th(t pn»bli;m of t.he acat.ti‘ring of an 
arbitrary primiury disturlsincu by a sphtmicid obskude. In this 
method wo assume that the total disturbance outaide the sphen* 
can be represented by 

rU = i i 'S,An,,n,p‘fn (kpr) Pn** (cos 0) COB m i<f> - 

«ai»0 

rV^t t'Z fn (V»*) (C 08 &) ^in m (<f> - 

.(»)- 

whore the are roots of one of the txjuatitinH of the typo 
V'hn (ha) (ka) - jrf (ka) •<^n (Aff.)» 01 
y>fr» (ha)-^n(k(i)~'»p^» {ka)'^^uihtt) “ 

The coefficients must then be chmwn so that this total disturb¬ 
ance has the same charackm as the primary distnrbiuice at its 
singularities outside the sphere and at an infinik' distanc<*, 
taking into account of course the presencxs of tliverging waves 
from the spherical obstacle the effect of which is, however, 
negligible at infinity. 

The field inside the sphere is repn»nte<l by tspiations 
simikr to (w), one with hp written in place of kp. 1’he boundary 
conditions are satisfied in virtue of (100). 

If a series of type (®) should fail to repremuit the dwturbance 
outside the sphere, it may be necessary k) mid kinns cor¬ 
responding to the free characteristic vibrations. These are of 
the form (w) with the function fn written in pln«* of and 
numbers determined by equations of tyjie £« ■ 0, On 0. 

* iVo«. Londm Math. Boc. S«r. S. VoL S flS04i. n. ss. 


§ 19. The case of a very small obstacle. 

Whi'in a, the. nwUuH of tho Hi)heru, is very sinall compared 
th the wavc-loiijfih \ of the iucidcut radiation, wc may treat 
and ha aw Hinall (piantitii'H. W(! may then obtain some idea 
tht! relativt^ magnitndcH of the difterent coofficientn in our 
ries by lusing tlm (‘xjjanaionH (fiO) and (( 51 ). 

It is easy to sci' tliat tlu^ values of An, Bn decrease very 
pidly in absolute magnitude as n increases. The disturbance 
diat.ed from tlu^ sphi'n^ can conse(iuently be represented 
)proximakdy by superposing a small number of pirtial waves, 
le effect of tlu^ others laung negligible. 

Renuuubering that i>h — vfk, W(s find that when II is finite 


' 0iu + ;i). 1». .. (2)i + 1)“ ’ ~ Uv 

(» + 1) (X;“ - /i=’) _ 

P.JR...(2» +if ’ 

2n 4 * I 


...( 101 ), 


:itl it in omy ti> Ht)e that all oiir Harion converge. 

It a.p|Kiarti from thoHC exprcHHioiiB that the ath magnetic 
'avo, i.o. th(^ (liBturbancis (luc‘ to the wth term in the expansion 
)r Ui, m (if the wima onler of magnitude as the (n-f l)th 
lectric wavt^, i,e. the disturbance due to the (n + l)th term in 
m <^x|MinHion of Fj, This is in sharp contrast with the result 
btiumd by Sir J. .1, Thomson for the case of the totally 
4k^cting sphere wlmrein the nth tdoctric wave and the nth 
lagnetio wave are of thc^ same order of magnitude. 

1116 first electric wave is clearly of chief importance and 
lie has propostMl to call this liaylmgh^s radiation. We essily 
nd tliat 


^ (I ^ 


-1 , 
2.3» + “ 


...( 102 ). 


The following diugnirns, which arc taken from Mie’s paper, 
ndicjito the character of the electric lines of force for the first 
;)ur {)arti»l vibrations of each typts. For the magnetic waves 









= 0 and HO (‘k'oirie lincjH of force are nphorical curveB. 
t.he (^ane af tlu^ (‘l(‘<d*ri<i wav<‘H the liiiOH of force lie on 
tain a.nd t.lu^ diagraiuH repn^Btaii the interBcctions of 

ph<n‘(‘. with th<vs(^ coih^h, the V(a1ic(‘H of the concB being at 
; ecnitre of tht^ nphtn’c^^. 

§ 20. Polarisation of the scattered light. 

L(4 UH now look for camm when the light scattered by the 
ww in lini^arly {)oIariHe4l. It in easy to seas that and M 4 , 


bh vanish wluni 0 and ® 

da 


: 0. These conditione are 


th HatiHlitHl by ^ « 0, i.e. whtai the observer looks in a direction 
right angles to tlu^ (dectric vibration in the incident wave 
ig. :i). 

It ap|M^ars froiti thi^ figure that the coinponont of the electric 
ctor of the scattcaml light, which 
at right angles to the direction 
which the observe^r is looking, 
parallel to the electric vector 
tlu* ificident wave. In a similar 
f%y it is found that and 

)th vanish when ^ « ± ^ » i.e. 

hen the observer brnks in a 
.roction at right angles to the 
.agnetic vibmtiiin in the ineichmt 
av(u The magnetic vibrations in the incident and scattered 
aves are now found to be parallel 
The experiments of Steubingf with different kinds of col- 
udal gold solutiims havt^ shown that when the solution ie 
luttunaied with polarised light and viewed in tho manner 
escribcMl, there is always a small (pmntity of unpolarised light 
enb <Hit from the |Mfcrticlos, but the greater portion of the 
cattc^retd light is polarised in tho way the theory requires. 
?ha slight clisfigrecimont between the theory and observations 
s attributed to tho ffict that the motellic particles are probably 

* Tha author Is Iiiclobted to th© publiiher of th© Annalmidir P%i^ii^c,H©rr Johaan 
kuihroiiiug Barth, for pormliilon to reprotiuo© tho figuroi on pp. 52, 59 and 64, 
t 0rolfiwaid (1908); d. Fhyi, ToL 26 (1908), p. 829. 




not all spheres*, that some may have (l<*vel<»{x‘({ into crystals 
perhaps of octahedral form. The matlumiatical thtsory of the 
scattering of waves has not yet Uhtj fully develofMsl. The 
problem is, however, onis of grtatt iuiportAiice in im“f.eorological 
optics. The case of a regular distribution of atoms or juolecules 
has recently been brought into promineiuH^i* § by experimental 
work on the scattering of Riintgtsn niys by a cry.HtaI|. Approxi¬ 
mate mathematical theories have been given by sevi^ral writ(u's §. 


§ 21. Intensity of the scattered light. 

When Rayleigh’s nuiiution alone is considered, we have 


Hr--0. 


ArV) + k'>rV 


„ ik a(rF) ia=(rF) 

* ** r sin d 9^ ’ vr 


}...(! on). 


„ _ ikd{rV) J, 1 dHrV) 

- , ■^♦“yrsint^ drdit> 

where 

r F = - ti a'e-^ ^1 - sin ^ sin ^...(104). 


At a great distance from the origin the radial electric force 
is of order - while the transverse electric luui magnetic forcca 

are of order i. Hence the intensity of the scatk'rwl light 

diminishes ultimately according to the inverws squari* law when 
points on the same radius are considered. It aim varies as the 


• This remark ia made by both Maxwell Garnett and Mle, 

t It had pmvioualy been oonaidered by hard B&ykiBb, <• On th* teftuonoe o£ 
obataolea airajaged in teotangular order on the proportion of a medium," Phil. 
Mag. (6), Vol. 84 (1892), p. 481; Udentlfip Ptiper$, Voi. 8, p, 19; and by 
T. H. Havelock, Proc. Roy. Soo. A, Vol. 77 (1906), p. 170. 

J Lane, Friedrich, und Knippiag, BiUtmg$ber. dcr Kanigl. BaytrhchtH 
dkad. d. WitM. June 1912. 

§ See, for inataaoe, W. L. Bragg, Proc. Camh. Phil, (kn:, Vol. 17 (1918), 
p. 48; Proc. Boy. 8oe. A, Vol. 88 (1918), p. 428; M. Iau«, MBrnhetur Bor 

(1912), p. 868; Arm. d. Phyi. Bd. 41 (1918), p. 989, Bd. 42 (1918). p. 897; 
P. P. Bwald, Pbp*. ZHtcchr. (1918), p. 465; L. S. Omateln, Armterdam Proc. 
(1918); M. Bom n. X. v. Karman, Phyt. ZdUekr. (1912), p. 297. 


4ii forniiila fiir ilu* inifiwity in 

/ {vttH^ 0 niii^* ^ + voH^ ^) ...(l()r>X 

inU^iwity of iln' ini’idoiii ruiliiitHHi \mmg 
If 0 -rr’() ftir tilt* itiotliuiii oiiiHidi* tlio HpluTo* tiho cjuimtifcy 
iiivt*mt*ly projHirt.iiitiid to iho waviidt^iigth X of ihi^ incident 
iaiitni. fitnict* when h in largi^ compimal with Aj, wc have 
tl Rayleigh H rt^nnlt fhaf- thi* itiiiawity of tln^ «ciitter«‘d light 
icH invemely m ihi^ fonrtfi jiower of the wavo-knigih. The 
rt wiivcH are t»n ihin account wmitertHl far tnorc profuHcly 
n th<* king ottoH anti ao we have an explanation of the blue 
air of the Hky. 

Tln^ above ftirmula for the iiitenaity of Raylaigh^a naliation 
licfitea thiii tiheii! in tm light of thi« typi^ in a direction for 

ich # « ^ , i,e* when the olmervt*!* In ItKiking in a direction 

rallel to fcho (linn^tioH of tln! oloctric vibration in the incident 
,v(‘. To obtain an cxprttHMion for the inteuaity of the light 
It out in thia dinH’tion we must take into account th© second 
fctric wave and the ftrat inagtwtic wave. RtTorring back to 
ii expresHimia for /4 anil Ai, we find that when <r is neglected 
th inHid»^ and outaide the nphere, the intensity of the Bcattored 
iiation varies inversely as the eighth power of the wave- 
igtii*. This correH{K>ndH to Tyndall’s “ nssidual blue” which 
puriT than the blue seen under other conditions. 

§ 22. The absorption of U^t by a i^herical obstacle. 

The total energy absorhed from the incident radiation by 
siiigh' |«irt.iele consists of two ptirtiS; first of all the energy 
ui.tertHi and ««*condly the energy which flows into the particle 
id is tnmsfonned into it«it or chemical energy. Both those 
lantities may isi ealeulaUsi by the following method which is 
simplification of the one given originally by Mia 
The flow of energy acnwi unit arm of a very Iwge sphere 
mmntric with the spherical particle takes place at a rate 
leasured by the rwiinl cotnjKment of Poynting’s vector. i.e. 

?* * tr t m t f'l t 
/14 410 * 

* jtoyW^, JPMi Mmffn VoL It ( 1881 ), 81 . 
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Now if Kf E and II, // arc‘ conjugate eoniplox qiiantitioa, 
thin component in t‘qnal to 

[(A><“‘ + Ete-'^’){ ‘"‘) 

- (//«<••■“'-t- /4<r*“01- 

Integrating with regani to t ho rh to ohUiin tin* uu>an value 
of this quantity ov(*r a period, we obtain an esproHsion which 
may ho written in the formf 

8 = }. [ilf.if* - - J// #*•], 

OtP 

where M, M* are the vahuss of M coiT(‘KjH»nding to th(‘ sigiiH 
+, — respectively in (86) an<l M, M* are derived from them by 
changing the sign of i. 

The function il for tins outer af«u;e ih the sum of and Xii, 
hence wo may write 

rfl =» S iV (cos 4-w»e **1 

n^l 

ril = 2 iV (cos &) 

L.( 106 ), 

rfl*- 2 P„‘(ca8 6')[M^e“‘4 4-t»He"** + Wn«^J 
rfi* =■ 2 P„*(oo8 G) [u„e^ + ?'««"** + 

4 

where 

Wn= + Ifn - ^(-dn + /#„) (kr), 

Wn - g (din " P») (r» (^)- 

When the expression 8 is integnittal over the spherical 
surface, the result can bo oxpresstid in th(t form 

/# + /i — /()], 

where /, depends only on the incident radiation, /| depends 
only on the scattered radiation and represents the amount of 
energy absorbed by scattering, /,! dejwnds on lK>th types o( 
radiation and represents the total absorption of energy fnun 

t We assume now that <ra!0 outoMe (he ephera. 





t‘ wave. Tlie Huni ef tlu* ihm* ita'inn with itn nigii 

anf(iMl rt'premaitH ilu^ amount 4>f tauu-gy that flows intt> the" 
hon^ and in truly almorluHl by it. 

Ft*rforming t«ho ititc‘grati<ui with regard to <p and colh^cting 
o diflVr<*nt torinn togt*tlu‘r, Wi*. find tbat the surface integral 
.11 be writtiui in tlu‘ huan 

,r I Lt. V ’* ”* ^ d$ <W j Hin 0 

\l, , . sld'^m , <e,„\ , dw,^ J. . 

: \^k {Un + .„) j + k w, ■- I (■»„ + »„) 

” dr j ^}a\d0 ^ d0 


dUn dvn\ fdUm dv,^\ _ dvu dvi„ 
(in "'" dr j I dr dr ) dr dr 


+ kk:(u„ + Vn){Um + Vm)~kkWnWm- . 


.’hiH oxpnsHHion cjih bts Himplifin«l wifch the aid of the relations 


fv<ev 


dd 


+!^fjv)de.o 


.(107), 


Pn d- Sin® 6 ■■■■ m 0 M^n 

^ ^ M dS / Bin 0 ^ 

2nHn + lf 

" A ■■■ ■ fu^n 

zn + i 


^...( 108 ). 


The fimt of these is evident since the integrand is the 
differential ccmfliciiuit of a function %vhich vanishes at both 
limits, prove the second we make uso of the fonnulae 


sin 6 iV (^ns — cos 0 . (cob 0 ) 


' 1 % (n + 1) sin ^ * Pn (cos 0 ) 


Pf^ (cos 

^ ^ r„’Pm’ + n (ti + 1) cos ^ . PnPn 


..(109). 


H- m (W + 1 ) C 08 5 . PmPn 

.[oos^.iViV] 




The intogral ia thus eciuivaleiit to 

n(n +l)m{m + l)l i^l(coH $) I\„ {vm 6 )sin i 

J 0 

and so has the value we havc^ ivasigned to it*. 

Our surface integnil now reduces to 

w s (r / . . N 


T, ^ -.fdun ,dvK\ , dnu) >‘^{n+ If 

-I (»» + .») (-^5 


Since <r = 0 outside the sphert;, w«' have it=k. Also when 
r is very large wo may use the approximations 

(, ■- . tt] _ ___ 2« + 1 1 


«„ -s. cos \kr - u + I ^ J ^ 

Wn'^i(A„- Bn) «”"*■ 

’* ^ it') , * 2« + l 

^ 008 |^T - u +1 2 J fr*{- tr-> ^ 


...(UO). 


We thus find that/„-0 and 

J.«|; t n(n + l)[i^iAn + B,0-{-i)^(An + Bn)] ...(111), 

MV nml 

. 

When V ■» 1 these expro^ons arts jtmt half thorn* giv<m by 
Mie on p. 436 of his memoir. The reason why they must be 
doubled is that our expressions for the incident light giv«j an 
intensity ■J. 

In the case of a solution containing N spherical pjirticles 
per unit volume the total absorption coefficient is thus 

^ ^ S n (n + 1) [»«(An + Bn) ~ (- if (An + if«)]-(n3). 

It is interesting to study the variation of this quantity with 
the wave-length for particles of different sizes. Mie has drawn 
* 01. li. Iiot«n*, Oeuvres seientyifues, p. 086. 





alworjit.ion (UirvcK fur jxirtu-U'H (»f ^fold varying in size from 
/i/i to 180 /MU. 



It will Im Hooii that for niby rt«i gold solutions containing 
'ry fine |>articl«iH tht'ro is an absorption maximum in the 
•etui «omw|)«n(ling to a wavo-longth of about 526 /i*yta 
Mi« has also dmwn ourvtjs ahowing the pure absorption in 
tlloidal gold aolutioiis. 

Tht> ooltmrK of ailver particle# in colloidal silver solutions 
livts iMsen tIiaouBmsd with the aid of the mathematical theory 
y E. Muller*. The jiarticle# of a Hilver solution show beautiful 
dour phenomena, all colours of the spectrum from the extreme 

* dim. d. PKy*. M. m ( 1911 ). 
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blue to the extreme red being pn^went* For other applications 
of the theory we must rider to t.hc‘ papers of Ijtaxl Raytcdgh, 
Garnett and Mie and to Prof. Woods Phi/m(tal Optdos. 

The mathematical theory for a largi^ innnlH‘r of pirticli^s 
has been developed further on ccudain simplifying mssumptions 
by F. Hasenohrlf, A. SchusterJ; W. H. tFackson§, L. V, King||, 
A. EinstcinlF and M. v. Smoluchowski^^. It lias beiui ubihI 
recently by W. J, Humphreysff in a study of thi* etie.ci on 
climate of largo quantities of volcanic dtwt in ilie upper 
atmosphere. 


§ 23. The pressure of radiation on a spherical obstacle. 
Wo shall now calculate the presmire of radiation on a spherical 
obstacle, following the work of Debye exc<q)i in some of the 
details. The pressure is calculated on the asHUtnpii<m that tht) 
force exerted by an electromagnetic field on a unit charges 
moving with velocity v has comjxaients of typist 

+ .( 114 ), 

C G 

and that the equations of the field can be derived by a procoHS 
of averaging from the electron equations 

, „ 1 /9i^ \ , „ I a 

+ rotA = -^-j 
div-&=.p, div/f-0 

Now if 

= I - JiV - + i -14*- ///) 

B„=^C{EyH,-EJly) 

* A coloured reproduction! of an ultramiorosoopio picture of a silver nolution 
is given by H. Siodentopf, Ikr. d. DmtHch. Phyt. (k*. (1910), p. 6. 

t Wim. Berichte (1902). J Attntphyncal Journal, Vol. 21 (1908). 

§ Bull, of the Amur. Math. Boc. Yol. 16 (1910), p. 478. 

II Phil. Tram. A, Vol. 212 (1918), p. 878. 

IT Ann. d. Phys. Bd. 88 (1910), p. 1278. 

•* Boltzmann PeiUchnft (1904), p. 626; Ami. d. Phyt. Bd. 28 (1908), p. 208; 
PA«. ATap. Vol. 28 (1912). 

-H- BuU. of the Mount Weather Observatory (1918); Journal ^f the PratMin 
Institute, Aug. (1918). 

JJ We assume now that a=0, »='/*=alforthieextetaalmediuin, so that s>ml. 


|...( 116 ), 
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2., WO have idt^iitpically on account of ( 115 ) 

^ (hr ^ <)!/ dz c“ dt . 


Honco by (3rtH*n’H ihoorem, if (/, m, n) arc the direction 
ninoH of th(‘ outwanl drawn normal to a surface cr enclosing 
I tlu^ charges in tJu^ fitdd, 

l(LY^ + 7nX„ + nX,) d<r {pF^ + J, dxdy dz.. .(118). 

Th(' ^.’-compomait of t.hi^ forcc'^ ('.xctrte.d by the ehjctroinagnctic 
‘Id on the obstacle is thus tlie. same as if there were tractions 
, F, Z at (^ach point of the surface and a volume force 
1 

otIu‘r comp(aiontH. 

Now wluui we intt‘grat.e with regard to t so as to obtain the 

dS 

u^an value of the pressure over a period, the term ~ 

mtribiitt^B notlutig on account of the periodicity of /SI The 
resBure may conseciuently be calculated from MaxwelFs tractions 
r, F, Z. In the present case the mean value of the pressure 
i the direction of the axis of z is derived from the qiumtity^ 

+ niZy + wif,)»I COB e [AV^ + AV* + 

^ AV^ -- i/;^] -- sin e [Er%' + AT/J/;]. 
The surface integral of the mean value of this quantity over 
la^riod is accordingly 

- JJ"’ [COH d {E,St+Ej:^+HtRt+H^B^-ErEr-M,.Sr) 

+ mne {Er Si + AV + H^S, + HrH,)] ain 6. dO d<l>. 

When the incident nidiabion only is taken into account, this 
ntcgral bcconusH aimply 


rtw 

- / mu 0 Bind d6 dip 

^ Jo Jo 


aid vanishes completely. Again, it is easy to see that when r 
B large the coin|)onents AV, Mr for the scattered field are small 

♦ W« asiumi now that the surface !b a iphcrc whose oentee is at the origin. 
)ur©Epri»ilon is iiasily obtained by writing down the ©xpressionsfor AV, B/ 
n tenag of , BVt MY, 
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compared with the tran8v<OTe com|K)i:ieiit8, a product «uch aa 
being of order may be neglecknl whiui r in largi^, and 
so we have only to consider tin*, inti‘gral 

Pj = — j J (E, Eg + E 4 , A* + HgH'g + //«//*) Hin d cos 6 ddd^, 

where J?=Ao + ^’i. //=»The tenim which depend 
only on the incident field may, moreover, be disregarded. 

To evaluate P* wc need the values of the inU^grals 




EiV p . , div p . ,4 


By using the relations (109) we may tninsform the first of 
these into 

n(n + l)m(m + l) f Pn (cos 0) (cos 0) sin 0 cos 0 d0 

Jo 

- [J [cos 0. iV ■ r^‘] COH 0 . d0. 

Now 

(2n +1) cos 0. P„ (cos 0) » (m +1) P„+, (cos + »P„.. (cos (?) 

. .( 119 ), 

and 

(2n + 1) cos 0. P„' (cos 0) = nP^n-hi (cos 0) + (h +. i) (cos 

.( 120 ); 

hence when the second integral is integrat<!d by parts we 
obtain two integrals of the type (7()) and so we have fiiuilly 

P =* 0 m ^ n ± 1. 

2 («•-!)*'"(« +1)* 

“2^ZT)(2n + i) . 


2«’(w + l)(n + 2)" 
(2M + l)(2n + 8) 


fjti *8 -|» 1 j 


When the second integral /, is integrated by jm-te it becomes 
Ta *® J 0 "^ n'Pm' sin 0d0 ma 0 


TO^n 




rUKHWDKKI DD' KAIJIATUJN 


IJ 


t>3 


Writing in bh(i form 

ttr f2tr 

^ Jo J 0 

+ sin 6 cos 6d6dip 

:ui making nsc of iMjnat.ions (121), (122) and (106), we obtain 

“ a® (M + 1) (w + r A^«n+l , dVn+x\ fdUn , dVn\ 

‘ * """ (2« + i) (2« + d) Lv dr dr }\ dr dr) 

(dUn , dVxx\ I du„f.x dVni i\ , dw,x (iWn+i 
+ Ur dfJVdr dr 7+ dr .*• 


+ (tt„ + v„) (M„+, + 7 )„+l) +■ A:’* W„W„+J 


dWn 

dr S'_ • 


We now use the asymptotic expressions for m„, Vn, Wn when 
is large and omit th(» terms that depend only on the u’a 
We also write 




■n I 1 




a(a4-1) 

.ml obtjiin after some simplificablons 


■n-x 2a 4-1 o 
^ n(n + l)^’‘’ 


TT 


Pj.— -" 2 ; (2?14'l)[an4-a„4-j8n4-^«] 
n (n 4-1) 

4- Trh? l-j" [an8»+i -h «ri®n+l + ffn^n+l + ^n^n+l] 
n=i n 4- I 

.(123). 


'I’his expression turns out to bo negative, i.o. the pressure 
lets in tho direction in which the incident light is moving. If 
Ae constants in the incident light are chosen so that its 
mtonsity is unity, th(» above expression must bo doubled. The 
numerical valmt of thi^ prossurts hixs been calculated from the 
above formula by Debye in a number of cases. When the 
radius of the sphtsrical obstacle is small compared with tho 
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wavo4ength of tho incident light, tlu^ fimetiiins 

?no3cprt\s«ieiiH fi»r a«,c'un be 
expanded in ascending powenv of n. Tliin nuihod, lunvt*vi*r, 
fails when ka approach(‘H unity and iminerieal valuon <d* the 
functions must uh(k1. 

In tho ciise of a tt)tally ri‘Hecting Kphen* 


turn* 


..,( 124 ), 


and Debye finds that if 

p = ak •» 


2w(t 
X ' 


where X is tho wavc^.-length of the incident. light, L denotes th(‘ 
light-pressure and If » |iru^ is tin* energy of the incidtuit train 
of waves per unit hnigth of a cylinder circuinm:ribing the 
spherical obstacle and having its axis piralltd in the diriK:tion 
of motion of the waves ; then 


.(i2r>). 


The first term of tho series was givtui by Hchwarxsehild. 
The convergence of tho series is slow m p iipprtMichf's unity and 
several terms of tho series (123) must be taken into ac^count. 
By using numerical values of tho functions and 

their derivatives for a — 1, 2...6j Debye has snccotHlod in 

drawing a curve for 






PIiK.SHUllK OF KAIMATION 


Jt will be HVini tliat this prt'HHure han a laaximum value for 
eriaiii vahu^ of p, approximately cxpial to 1, When p is 

tv the ratio ^ apprt)ach(\s anyiaptotically the value 1. 

l)(‘by(‘ coinparcjH tlu^ light presHurc^. so obtained with the 
A'itational attracticai for a sphinical particle of specific gravity 
ri(h‘r th(^ influiauu* of thci HUifn radiation. Hc^ finds that if G 
.h(^ gravitational attraction, 

L 4800 L 
a “ Xnp * 

I to get a ninnerical (‘,Htitnat(‘ he takes X«600 /a/x, ^=^1. 

It apjW3U‘H that the* ratio vanishes both for small and hirge 
lies of p : it has a maxiniutn value of about 20 for p = 1. 

In the. e^tne <»f a dielectric sphere with refractive index n, 
j t‘X|>anHion correspcuuling to (125) is 


n W + 1 


jlj. 


.(126), 


d is suitable for calculations only when np is small 

l)(*bye has drawn curves for in the cmcb w^soo, ^=*2 , 

« 1*5 and n * When n » 2 the curve appears to have 

rtH‘. maxima ami two minima between the values and 
*S. 

The greatest value of is now about 2*6; the following 

bit* imlicati*s when the light pressure exceeds the gravitational 
traction, the* numbers p^ and pi give the extreme values of p 
.longing to the rangt* in which this is the case. 


Tht*. maximum light pressuix*. is just balanced by the 
mvitational actioii when n m about equal to 1’83, the value 
r water: for smaller values of n gravitation prevails. 




6G 


POLAR CHH)EOINATi*:H 


In the case of an absorbing sphtnica! partiob% tht^ tHpiatica) 
which takes the platan of (rib) is 


(k + 2)*^ 


-.Cli7). 


When a is small the light prt»HHure and gravitational action 
arc both of order a® and their rati«> temls to a hnik* limit, htaict^ 
for certain types of absorbing miiim'ia! there is no lower limit 
in the size of a particle Indow whieh gravitation exeeeds the 

light pressure. Debyt^ has drawn a curve* for for the ease of 

a gold particle and finds that there is a maximum vahu*. for 
p »1'6 nearly. 

The existence of a maximum value for J. in tin* eases that 


have been discussed appears to be due to tlie facEi that^ the 
value of p for which the maximum occurs is very iii*iirly tajual 
to the real part of the complex value «>f p cswr<*«fs«iding to one 
of the free damped vibrations^. Thti first electric vibmiion 
seems to bo of chief importance in detiwmining the {smition of 
"'the maximum. 

The determination of the limiting vahie of ^ for very small 

wave-lengths, i.e. for large values of p, is a matter of some 
difficulty, it depends on somt^ expressions giving the ladiaviour 
of the Bessel functions for large values of n ami p. These have 
been found by J. W. Nicholson f and F. l)ebyii|. 

If p is real and w +1 < p, wc^ have when p ^ oo 

. . . I) 1 


fn (p)' 


COM (ft/; 


(HinT„)4 J 

Of. Debye, loc. dt,, and the siiiiiliyf wiinarkg far tiiii tm«ii of 


resonance by F. PooMs, Phydk EdUchr. Bd. B (IW), p. im. 

t BrituhA$$odatwn BqporU, Dublin, 1008, p. §05; PML M«in Vol. 18 {1008) 
p. 195; Yol. 14 (1907), p. 697; VoL 16 (1908), p. 371; ¥oL 18 (1909), p. 6. 
t Math, Afm, Bd. 67 UQOfiL n. EM. 
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To is ail angl(‘ lying bctwccni 0 and for which 


(H>H r. 


W 4“ 


d fo * sin To — To cos Tq. 

Wlien ‘a 4“ I > p and p oo , wc have 

■ *>/« \ 

rn(p)’ 


(i ain Tq)'^ 


•fnCp)^ 


>/» 


{% sin To)^ 

hiTc To is now the root of the equation 

^ a 4" 


cos To =5 ■ 


.(129), 


h(me imaginary part has a negative sign. 

When n and z arc^ very nearly ocpial the values of (p) and 
'»(p) <^Rn b<^ made to depend on Airy's integral and are much 
lore complicated; for these wo must refer the reader to the 
riginal memoirs. 


24. Other problems which may be treated with the 
id of polar coordinates. 

The difFracdion of electric waves travelling round the earth 
I a problem of some importance which has been discussed by 
1. M. Macdonald^, Lord Kayleighf, H. Pomcar6J, J. W. 
ficholsonl and other writers. 

1^he calculatioiiH are very long and depend on the use of the 
ainnlai^ to which we havc>! just referred. Rybcynski|| has 
tnamtly treated the problem by a method due to March and 
las t4iken into account the finite conductivity of the earth. As 
m have already mentioned this was done by Zonneck and 
Jommerfeld for the case in which the earth's surface is treated 

♦ Proc, May. Hoe. VoL 71 (190S), p. 251; VoL 72 (1904), p. 59 ; Vol. 90 (1914), 
u 50; Phil. Tmm. A, VoL 210 (1909), p. 118, 

t Proe. May. Hoc. VoL 72 (1904), p. 40. 

t Rtful. Paltmu) (1910); Proc. Hoy. lioe. Vol. 72 (1904), p. 42. 

§ Phil. Mag. Vol. 19 (1910), pp. 276, 486, 616, 7B7; Vol. 20 (1911), p. 167; 
7ol. 31 (1911), pp. 62, 2B1; .Jahrb. d. draht. Telegr. Bd. 4 (1910), p. 20. 

II ^nn. d. Phv». Bd 41 1191B1 
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as a plane. The results of NieholHi>n and Ptuucare indicate 
that diffraction round a perfectly conducting surfaci^ is not 
sufficient to explain tht* appirent bending of tlie electric wavt‘B 
round the earth s surface. A gt‘n(»rally ac<*epk‘d opinicui is that 
the ionisation of the atmosphere by the sun s rays is a very 
important factor in producing thc^ observisl effects*. 

The diffraction of a solitary wave or ptdse by a spherical 
obstacle might be discussed with atlvantage. Tin* twaluaiicm 
of certain definite integrals involving Bessel functions, however, 
presents some formidable difficulties which pr<d)ably amount 
for the fact that tht! prt^bkun does not appear to havt* bt*en 
solved. 

The scattering of cdectric wavt‘s by a perfectly comliicting 
conical obstacle has been trt^ated very briefly by ii. H, (kirslawf. 


EXAMPLEa 

1. Prove that 

00 2 «, 4-1 / a B\ 

X + 2 .i-j (oos B) P» (eoE a)«log ^ eosec® - j , 0 <n < w. 

(0, Neumann.) 

2. Prove that 

Ji (Icp Bin a)- 2 (a»+ 1 ) £» /'^ («(M 6) /'„ (cm «). 

(E. W. flolaom) 

* Cl the diaouBsion at the British Association meeting, Buntlot (IW2), and 
an a^iole by W. H. Eocles in the Fear Bmk o/ Wirekmn Tdegmph^ (1913). 
Some quantitative experiments on long disttmee toliigmpby haw k«in mack 
recently by L. W. Austin, who obtainB an <implrl«l rtktion kitwiien the 
magnitude of the euirent received and th© dlstiinee helwten tl» I wo ikfeions, 
Bulletin of the Bureau of Standardi^ VoL 7 (1011). 
t PhU. Mag, Yol. 20 (1910), p. 690, 



(mAFTER lY 


(lYLINDIUOAL COORDINATEB 


§ 25. The wave-equation in Cylindrical Coordinates. 

If we put x~p cos(f>, p sin the wave-equation becomes 


10W 1 


(130). 


Two particular solutions of this equation are suggested at 
ace by the general solution of § 5: they arc* 

r2»r 


' 8in a 


nd 


r2»r 

F s + ip COB a, t • 

L 

f_ r . p , ' 

usmj F s-i-tp COS a, ^ sm a 


da 


da 


.(131), 

.(132), 


empeebivedy. The first of these represents a wave-function 
rhioh is syimnotrical round the axis of z and which reduces to 
\ 7 rF {Zf t) when p * 0. It gives us at once the fommlae 

»'«Pn (/x) * 2 ^ (z + ip QQ8 ay^ da. = •■•(183), 

A-'*«-2y'’'(.+vw.r. hi) 

vhere n is an integerf, and nmny other interesting formulae 
nay be written down by simply choosing different wave- 
unctions that are symmetrical round the axis. 

^ Th« first of these is an obvious genomlisatlon of a formula given bj 
>. Bdwanies, Edmatumal Tlmit Oct. (1904). 

t The formula li also true under eertain limitations when n la not an integer, 
ie# Hobion, PML Tram. A, Vol. 1S7 (1896). 
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For instance, 

i r dd^ log -?'i. 

TT j 0 4- COB u 7' ^ r + z 

1 log (ar + ip cos ff) - log ^0 _ i , r + iTu + N. 




Trio z — Zo’i’tpcoti 0 R + 


2,„ ^ da ^ (137) 

27rio 4-ip cos« r 


There is another general formula for a wave^funetioii sym¬ 
metrical about an axis, viz. 


sj F —^cosha, ^ —psinha cia ...(13»S), 

j - 00 L ^ J 


where the function F is of such a nature that 


1 . , 3i^ . , 3^^ 

- smh a '^'T 4- cosh a 
c 3^ 


vanishes when a=i oo. As a particular instance of this w(‘ 
have the function^ 


"2l-/."-^(*-o'“'*“)* . 


JK^hich may be regarded aa the cylindrical wave-ja»t«ntial for a 
line source of strength F(t) along the axis of z. 

A peculiarityt of the two-dimensional propagation of waves 
is the existence of a “ tail ” to the disturbance wlnui F{t,) is zoro 


for t < 0 and t > r, for if t > r -f ^ wt* have 

c 


2w / c ^ — _(140), 


where pcosh5 = c(t —r). It is clear that this expression for 
O does not generally vanish. The wave-function (IHO) is llrns 
essentially diflForent from Eukir’s wave-jMjtential for a [sant, 
source, viz. 




* Of. H. Lamb, IlydrodynamioH, pp. 281, 800; V. VolU'rm, Am Math. 
t. 18; Levi-Civiti, iHumo Cinumto (4), t. 6 (1807). The fonuula k a particular 
case of a more general one given by Dr Hobson in 1891. 

t This was discussed by 0. Heaviside, Phil. May. (8), t, 26 (1888); Klfo- 

trical P mrB, Vol. Q. Raa A.I 0 A T"iAW|iI\ ‘ - 





DEFINITE INTEGEALS 


71 


in thin caH(^ il ih zero for ^ >T-f-, provided the source is 
y active when 0 <t <t, 

V, Volteri'a^ has obtaincHi a number of elementary wave- 
ictfioTiB of the form 

.(141). 

He finds t»hat F must satisfy the differential equation 

p j Ip 

(1 _ + s (2n _ ~^^+nin-l)F=Q .. .(142). 


If we try to hoIvc (130) by rncijins of a function of the form 
■u = Wp^ cos m(<f> — 

Hire, W is indeponcbint of (p, wo. find that IF must satisfy the 
nation 


0“F,2m + lfllf d^W 

+ - -o-h ■ 


la^F 


dp^ 


p dp dz^ c“ dt^ 


= 0. 


.(143). 


Solutions of this which are independent of z may be derived 
)in the following formulaef, in which m > — 

COB sin^^ oi.da .(144), 

I F ^t± cosh sinh^^'^ .cZ?;.(145). 


There are, of course, cc^rtain limitations concerning the 
ihaviour of F(t) at infinity. The first formula enables us to 
etC3nnme this value of ’If when its value is known for p = 0» 


§ 2(5. Elementary solutions of Au + ifc% = 0. 
The diffi^rential e(|iiation 

3% , Idu , 1 3% , 3%_, . 

3 /+p 8 , + p- 8 *< + a-+‘^“-“- 

'OHHUH8CH eh'.montary solutions of the types 

COB 711 . — . 

K,n ip— k'‘‘) e * cos 7ni^~ <po) 


.(146) 

,(147), 

,(148), 


* d€ta Math, VoL IB. 

t E. W. Hobson, Proe. iMdon Math. Sac, VoL 22 (1891), p. 481. The 
Irat ftoluMon is due to Poisaon. 
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n 


[CH. 


where X, h and m are real or complex arbitrary ctaiHianiH, Tiu^ 
first solution may of course be generalisiHi ini«> 

M= .(149). 


and a similar remark applies to the sc^coihI If we wish to 
express a given wave-function in the first of thesc^ fortusj the 
following inversion formula due to Hankel is particularly 
usefuP. 


If 

then 


Jo 

Jo 


(150). 


Let us use this fonnula to express ^ e^'' in the form (149) 

when m = 0. Since the representation should Iw valid for « » 0, 
we find on putting = X*, d =» k, that 

Jkp ras 

— - J,(Xp)f{h)XdX; 
p Jo 

Hence we obtain Sommerfekrs fomuikf 

ie«^= r e*‘'^'^*"-"^/.(Xp) .(lol), 

the upper or lower sign being taken according aa s S 0. A 
more complete proof is obtained by applying Hankers inversion 
formula to the equation 


jf Jo(Xp)( 
J 0 


^ Vx* - kf 
“ Va^-x* 

which is established in Prof. Lamb’s juipor. 


X*>A» 

X*<k^ 


...(ir>2). 


• See Gray and Mathews, Treatim on Jimel Funetknm (1H9S), p. HO; 
N. Nielsen, Handbuch der Theorie da CylindtrfunMitmm (1904), p. 8M. 

t Ann. d. Phyiik, Bd. 28 (1909), p. 683. Some ansdt^us formulae are 
given by H. Lamb, Proc. London Math. Soe, Set. 2, Vol. 7 (1909), p. 140; 
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A few inort! formulae will now bii written down to illustrate 
m(5th(>(l of generalisation by integration with regard to 
variable, parametcir 

Kt, (p Vx* - Ic^) cos X (z- b) = i j cos X(a~b) da 

If m is zero or a positive integer and n is a positive integer, 

(Hobson.) 

§ 27. The propagation, of electric waves on a semi- 
Lflnite solid bounded by a plane surface^. 

In this problem the surface of the earth is regarded as an 
ifinite plana and the waves are supposed to be generated by an 
itenna, of which one portion is vertical and the other horisjontal. 

Let us assume that the electric and magnetic forces are the 
Mil jmrts of vectors of the form Me'^^ respectively^ 

len if M» JtT ± ivE^ whore ^ wo may satisfy Max- 

'clFs equations by putting 

Jlf-rotn± Jgrnddiv n±/fcn .(163), 

inhere 411 + if 11 =■ 0, . = cyao® + i/icxr .(164). 

To imitate the action of the antenna we shall place two 
ibrating doublets at a point at distance a from the plane. If 
nti of these vibrates vertically and the other horizontally, we 
[lay put for the primary radiation no = (Paj» 0, P*), whore 

1\ ~-B » A R^^p^ + iz-ay.. .(155), 

iid the axis of z is vortical. Wo write B with a negative sign 
0 signify that the horizontal branch of the antenna is drawn 
n the negative aj-diroction. 

• A. Sommerfold, Ann. d. Phyt. Bd. 28 (1909), p. 665; H. v. Hoersolilemaim, 
rahrh. d. draht. TtUa Bd 5 (19121. DC. Id. 188; DUtcHation, Munich (19111. 
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A convtRucmfc exprcHHion for If^ isobtainod by Soudikt- 
feld B ecjuatioii 

e<^« = l^.r, (X) >/u- 0<c<a .(15f>), 


whore Z =» Vx® — M Appropriate fuDetioim IIj, Ily tlu» m- 
fleeted and transmitted disturbancoH are obtainiHl by patting 

2 cosnijb [ (Xp)@~^Ca-t"«) F,i,{X)dX 

naO J 0 

I ^<«...(lr)7), 

Ha = 2 cos n(f) [ Jn (Xjo) (}n{X) dx 


where m = Vx® — /i“ and h is th<' value of k in the second 
medium. The functions Fn (X), (X) an* vectors with com¬ 

ponents [/n(X), 0, •f'»(x)], [(7n(XX 0, Xn(X)] resjMJCtivoly. 

We can satisfy the condition that the tangential coin|H>msnt8 
of the electric and magnetic forci‘s should be continuous at the 
surface of separation of the two media by putting for « «« 0 

Ho-I-n.-O b 
rot ^IIq -f* Hj) ®® rot 


idiv(ruri.)-].divn. 


where /* has boon taken to bts unity for lK)th mtsdia. 

Substituting the intognd expnissiona for 11„. II,, II.j in these 
equations and equating to zero the coefficients of functions 
of type Jn{Xp) in the resulting integral equation, we tibtain 
the system of equations 




■ I'fii e“‘“ - « mff„ er’"®, 


f-fn e"*® “ Hlffn e"’®*. 


(.de-to -If, e-to) 


( ^X 1 I 


y.- fne~ 


n-ma 


run SPKEADINO OF WAVES OVER AN INFINITE PLANE 76 


nw the last ec|uat.ien has been simpliticd with the aid of the 
.iions/„ =//,,t = 0 (vf,>()) which are a conHoqiiciice of the 

viouH (‘((uations. 

Solving thcHo, tHinations wo ovontually find that if 

-(Q*. 0, QA, = 0, 74), 

/4--2iif./o(x.p)e"?r“ , 

Jo 6 + m 




hH — k^m XdX 
i H- k'^7n I 


4 - 2ii cos 


(sr+^) 


(7d - ^^») VdX 
(7 + m) (JiH + ’ 


yS/P 

I */(i(Xp)6 
J 0 




XrfX 


+ k^nt' 


+ 2Ji cos 


J,(Xp) 




(fd‘^k^) XHX 
(l + mj (hH + k^n) * 


The “ directed effect ” depends on the presence of the terms 
/olving cos ^ in the expressions for and 14- Now when 
a 00 for the second medium, A«oo, and those terms vanish 
-ogether; hence the possibility of directing the energy of the 
liation sent out from the bent antenna is due to the im- 
rfect conductivity of the earth. Von Hoorschlemann has 
/en a numerical discussiou of the above formulae but the 
vestigation is too long to bo inserted here 


§ 28. Propagation of electromagnetic waves along a 
raight wire of circnlar cross-section*. 

Let us consider the symmetrical wise when the electric 
rce at any point is in a plane through the axis of the wire 


^ H. Klevtric. IFatm; J. J. Thomeon, Proc. Lomkm Math, Soc, 

»1. 17 (1BB6), p. BIO; ilmmt Itp^earefm, § 259; A. BommorfcM, Ann, d, 
ipile, Btl. 67 (IB99), p, 2BB ; Gmy am! Mathews, Jkmel FuncMom, Ch. 18 ; 
. Abuihain, Mtwyid, d. Math, ICwh. Ihmd V. 2, Heft B (1910), p. 526; 
liitmior, Pm\ af the Mh hit, Conyrem of Mathmaticiam^ Vol. 1 (1912), p. 206. 
m probkra ©orwklered in this last paper is chiefly that of alternating currents, 
IS. the formd altematifina of flciw nmdiioed hv a uniform neriodic eleetario force* 
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[OH. 


and the magnetic forcis \h in circles at right angles t.<i this 
plane. The field etjuations an^ then of the types 
6 dE.a „ 1 a . f a/i'p o- » _ _ 

_H-dH^^dK, _dE, 
c dt dp 

Those may be Hatisfiwl by putting 


(ir,<)). 


/ aii\ 


//* 


p dp V dp, 
e 3M I 


<rdU 


dm. 

%>3il 


J 


.(KiO), 


c dtdp c dp 
where H satisfies the ecination 

e/43m <r/idu 3»ri 1 a / aiiN ... 

Putting II» % wo find that An + Bu » 0, whtini 

c® 

We now aHSumo that for |K)mtH onteidti the wire* 


u * A Kq ip 

and that for points insider the wire 

B f/o (ip V— If), 

where h is the value of k inside the wirc.^ These iWHumptions 
arc made for the purpose of detennining ttm iK'riods and rates 
of decay of electric waves that can travel idong the wire and 
maintain their own field. The first solution is chimen so m 
to make the flow of energy negligible at an infinite distance? 
from the wire so that the system is s.elf-c<intained; and to 
ensure this it is necessary to suppose? that the rt?al |)art of 
is positive. The second solution is chomm so as to 
make the electric and magnetic forces finite on the axis of 
the wire (p « 0). 

Let p — a be the equation of the surface of tht^ wire, thcjn 


* Wi follcw here the work of Sommerfekl in whieli il ii iiipponiMi llia»t there 
are no oonduotors outilde the wire. Sir J. J. Thomson allowi for the prwnoe 
of external oondnotow by snppoeing the dieltetrio surround!ng the wl» to ^ 
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continuity of the tangential components of the electric and 
gnetic forces recpiires that when p = a 


d 

dp 


pK„(p'^X-‘-ic^) 


■B, 


dp 


pJ'( 


(ipVx^-h^) I 


Kq{p'</X‘ — ¥) = Bvi^~^ Jo(ip'\/X^ — li^) 


(162), 


ind Pi being the values of the (piantity <r + t®6 at points 
iiside and insuhi the wire. The elimination of A and B gives 
0 to a transcendental equation for the detennination of X. 
,e totiil current flowing along the wire is 


,/ s 27r 


[ a-Kzpdp 
Jo 


= — 2'rrare~^’‘pB g- J o (tp — h?) for p — a. 

On the other hand the electric force A* at the surface 
the wire is 


s. 


1 9 

pap 


pBe-^ ^~ J, (tpVx* -7>) 


for p = a 


enco, if we put 


B (X* - }P) e-^ Jo (ia Vx» - }P). 




■■J\r + '!%L 


aero R and L are the resistance and self-induction of the wire, 
s get 

x“-//,» r./;(®) ■■ 

27rcr _xJo{x)_ 


+ I ■■ 




he roets of the traiiacendental equation have been discussed by 
[)inmerfc)ld who used a method of Buccossive approximations, 
he values of X are complex as the waves which travel along 
10 wire are damped owing to the imperfect conductance of the 
ire. It appears that when the disturbance does not penetrate 
X into the wire^ the damping is small and so the velocity of 
rojmgation is very nearly equal to the velocity of light, 
/'hen, however, the field does soak into the wire to some 
Ktent, the damping is of course considerable and so the wave 
ravels with a velocity a li ttle l ess than that of light. In the 
rst case the real part of Vx*-* A® is large, in the second case it 

i amilJL 
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cyiJNniUOAL COOItlUXATKS 


[OH. 

In Lechers arrangenunit^ then* are two (‘taijugate. parallel 
wires between which tin* wavc‘.s tract*!, conHt*t|ntaitly tin* fit^hl is 
not symmetrical round iLe axis of t>ne td* tin* wirt*^* 1'his cast* 
has been discussed by (b Mief with tin* aitl of bi-polar 
coordinates, and the lines of force havt^ btam siuditsl by B. 
Morton b The latter also comulvrs the cast* of a parallel wires 
passing through the cornera of a regular polygon§. 

The mathematical analysis for the case of a curvt*d or twisted 
wire has not yet been fully devidoptsL Tin* imptirtant ease of 
a spiral wire has, however, beeri diseusstKi by IL (1 Pock- 
lingtonjl and J. W. Nicholson 1i. The lattc*r givtfs numerous 
references to the literature of the subject IK IIondrt)s** * * §§ has 
recently discussed the propagation of some types of unsym- 
metrical waves along a single wirtL The elei!trt>magnetic 
theory of an electric cabk^ hiia been given by Hir Joseph 
Thomsonff and F. HarmsJJ. The latter et)n«iders the case 
when the outer conductor of a cablt^ is replaced by air. 

§ 29. Other problems which may be treated with 
cylindrical coordinates. 

The diffraction of electromagnetic waves by a cylindrical 
obstacle has boon discussed by Lord lls.yleigh^, W. Seite||||, 
W. IgnatowskylTH, P. l)ebye*ti Bchaefer^f, and J. W. Nichol- 
Bon^§. Schaefer has made an extensive study of tin* case of a 

* Auu. d, Phyi, Bd. 41 (1890), p. B50, Bimi iJlio 1). il Nww 

Cimmto (4), t. 6 (1807), p. 172. 

t Afm, d. Phy», Bd. 2 (1900), p. 201. Tli© o«ij in whioli lim oapwity 
is small is discussed afc length by.I. W. Nicholson, PhiL Bing, Fol).-«H©pt. (1909). 
Th© current is supposed to flow along one wire and mtnm along llm other. 

X PhiL Mag, VoL 50 (1900), p. 605 ; VoL 4 (1902), p. S02. 

§ PhiL Mag, YoL 1 (1901), p. 66B. 

II Ptoc, Camb. PhiL IHoc, Yol. 9 (1B97), p. 834. 

H PhiL Mag, Yol. 19 (1910), p. 77. 

** Ann. d, Phy$, Bd. SO (1909), p. 905; IHmerUttimf Munloh (1909). 

tt JProc, May, Soc. VoL 46 (18B9), p. 1; Ikceni MmmFchm, p. 262. 

t% Ann. d. Phy$. Bd. 2S (1907), p. 44. 

§§ PhiL Mag. VoL 12 (1881), p. 81. 

Ill) Am. d. Phy», Bd. 16 (1905), p. 746. 

HIT Ann. d. Phy$. Bd. 18 (1906), p. 495. 

Zmchf. (1908), p. 775. 

Arm. d, Phy9, Bd. 81 (1910), p. 462. 
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dit‘l<‘ctric cylinder and hm results have boon tested experimentally 
by (JrosHinaim. ''rhis is one of the few cases in which the 
infliunice of the material properties of the obstacle has been 
taktui into account in the mathematical treatment of a diffrac- 
tioii problem; the necessity of doing this has boon clearly 
indicated by aonui of the experimental results. 

F. Debye has studied the diffraction problem with reference 
to th(‘ theory of the rainbow. This had been done for the case 
of the spheres by L. Lorenz long ago* * * § . 

Khictrical vibrations in regions bounded by cylinders of 
various shapes havc^. been studied by Sir J. J. Thomsonf, Lord 
llayleighjs Sir J. Larmor§, R. H, Weber|1, A. KalahneU, and 
J. W. Nicholson**, The latter has also calculated the pressure 
exerted by a train of plane electromagnetic waves on a perfectly 
conducting cylinderff. 


EXAMFLEkS. 


1. An infinitely long metal cylinder of specific conductivity o* 
and permeability /a, bounded by the surface is 8un*ounded by a 

dielectric of specific inductive wi.pacity «, A train of waves, in which the 
electric force is perpendicular to the cylinder and to magnetic force and 
if undisturbed would bo raprosented by the real 'part of + 

is passing in the dielectric. Prove that the magnetic force inside 
the (ylinderand the part //j of the magnetic force outside representing 
the scattered wavt^, are given by tbe roid parts of 

//j S (M ^^ns 2 ^os m<jb, 

m m 

whore•~4inrprt«, and 




* Oeiwre$ ncimtifique«f pp. 405—602. Be© also Gims and Happel, loc, ciL 
(p. 44). The moat recent paper on the rainbow is by W. Mdbius, Ann. d. Phy6. 
Bd. SB (1910). 

t Eecmt JUmareJm^ p. S44. 

t Phil Mag. (6), VoL 48, p, 126. 

§ Pro€. London Math. Hoc. (1), VoL 26, p. 119. 

II HahilUatiowmhr^t, Heidelberg (1902); Am. d. Phy$. (4), Bd. 8 (1902), 


p. 721. 

If Aaa. d. Phy$. (4), Bd. 19 (1906), pp. 80, 879; Bd. 18 (1906), p. 92, 
Phil. Mag. Aug. (1906), May (1906). 

4 .+ Pwi/* T.fmfliwt litnfh Rm* ^ Vnl 11 104.. 


QYLmmiCAh COOEDINATEH 


for positive iutogral valuos of m. Tlio countaiitH Inm) have refar<,au?o to the 
electromagBOtic systetii of uuiis. 

((hwabr. Math. Tri|Mm, Ihirt II, 1905.) 


2. Plaiio eloctrotuagiietic wavc« representiHl by 

fall xxpon the perfectly conducting cylinder Prcjve that in tht^ 

scattered field x- / \ 

(P. Debye.) 


3. The wave-potential for a circular ring of ptiint nourcea is given by 


" ”^*^*^\/o(Xp)4(Xa)X<lX, s>0. 

(AA L Webster.) 

4, The wave-function 

Q ^ e‘’^‘(p VF+X“) coH ttk d\ 

m ssoro at points on the plane which lie inside the circle p^<a^; for 
«awO, p*>a® its value is (p®—a®)"*^ cos {k ^- a^). (Honin.) 

5. If /e^«p^ + ( 2 +a 8 inhw)‘^ the integwd 


JVu(Xp)Xix|“/„j^X>y/<*-#+a*+«{^(<-e)+^(<+*)j 


represents the function outside a immboloid of revolution 


whose focus is at the singularity «■*-« sinh p® 0 , and wliidi paHKos 

through the circle p-a, ««(). It is «)rc> iimide the pamboloid. 

6 . The circuital relations in oylindricfd e<K>rdinatei are 

pdEp M-h a/4 a/4 


c dt "P dz ' e dt " "« <> ’ 


pW^ a,,,. Mp ^ o 


and similar equations in which E is raplaciMl by — // anti // by E, 


7, If Jl » X oos mt - y sin F» s sin +y c<w ^m - rb where a 
and 0 are constants, the function F, E} m a wavo-fiiiiction if F 

satisfies the partial difibrential equation 


F^j ^+[ 1 - ci'iaF+#V^ ^5Tj 


/ .«i\ F 
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OLtiiio particular solntiona of tho form 

a „ /(«-*«) +»»(<t -i) j-^jr _ (pp) + i?F„. (pp)] 

where m, A, B are arbitrary constants. 

8. An oscillatory current is induced on a circular wire of radius a 
excited by a tiuifonn electric force acting on its surface from the 

Hurrouuding medium. Obtain exprossioris for the indiictonce and resistance 
of the wire per unit length when the wire is regarded as straight and no 
disturbing conductor is near. 



OHAFTKIi V 


THE PROBLEM OF DIFFRACTIOK 


§ 30. Multiform solutions of the wave-equation^. 

The wave-fimctionH requiml ie many of tln^ bnuntiary 
problems of Mathematical Physics art' tmi Hinglt'»valutHl func¬ 
tions of X, y, z, t in an ordinary spict*. We may, howovtu^ 
regard them as single-valued fmictions in a Eitunann s spact^. 
This is a simple generalisation of th<^ ItiiimamPH surfaca^ of the 
theory of functions of a complex variable f ; tna'iy plane 
section of the EiemanrPs spree is in fact a Eiemann s surface. 
Instead of branch lines and branch points wv havi^ branch 
membranes and branch ctirves. Thus in the physie,!!! problem 
of the diflfraction of light through a circular holt^ in a screnug 
the boundary of the shadow of the screen is the branch mem¬ 
brane and the edge of the htde the branch curvt^ 

We shall commence by finding a multiform solution of 


the equation 


3 % 3 % 


+ * 0 


.(UIB). 


The fundamental solution is 


of period Stt and can be expanded in the fonn 


mrn-a )« ^ 2 S i^Jnikp) cos n - a)...(164), 


* This theory is due to A. Bowimarfild, Btath. Atm, IM. 4S (W04), Bd. 47 
(1896); ZdUehr, fllr Math, a. Fhy$, IM. 46 (1961); Prm, tdmtkm Btath, Hm. 
(1), VoL 2B (1897), p. 417. It ban b©cm hy H, B. CiMlaw, Prtm, 

Lomlm Math, Soc, (1), VoL 80, p. 1*21: (3), ?oL t, p. $m; PML May, VoL 6 
(1908), p. 874; VoL 20 (1910), p. 690 ; Fotiriff*# Berim firiil Ch. IS; 

W. Voigt, Gm, Nmhf, (1899); 1. W, llobiott, (Mmh, PML Tmm, VoL IS 
(1900), p. 277. Biterent methods ha?t l»ta iiictl hy 11. M. Maaiomld, Kkctric 
Wmm, Appendix D; K. Bohwarasohild, Math, Ann, IM, W p. 177; 

Proa, Ij>nd 0 nMath, Bog, VoL 28 (1895), p. UB; Q. W. 0s««ii, drMo M nmi. 
Bd. 1 (1904), Bd. 2 (1905). 

t See Hariknese and Morley^g Thmry of Fmmtimm (litB), Ch, 0* 
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A solution of period 2mir may evidently be constructed by 
writing down a series of the form 

« rfi 

i a^Jn cos — — a), 

- 00 W 

where the are suitable constants. The solution that seems 
the most natural cxt(3nsion of (1G4) is 

^miPt 4>f <jf>o) == *h{^p) + 2 2 i”*' (kp)co&—(<f> — ^o) ...(165). 

To sum this series when m = 2, we transform 'the terms for 
which n is odd by means of the equation 


n 


n {kp} — 

I 




ft 


sin^ a. da. 


Summing the two series separately we find that 

F, (p, <l>d = +/(<)& - cl>o) +f(<pO - <I>1 


where 



3 ‘ 

e j^e 

sin a. da 

with 

- 1 i0 

T^'^Wp cos 2 , (e ^ 

1. 

Now 



and 



hence we may write 



F, {p, <f>, 4>d - 6^“ /_ 

...(166), 

where 

T » VMp COB i (^ — 4*^)- 



With the aid of the function we can solve some problems 
on the diffraction of plane electromagnetic waves by a semi¬ 
infinite plane bounded by a straight edge. Let us consider 
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THE PROBLEM OF DIFFRACHION 


the case of a totally refi(^cting Bcreeii*. If the oloctric force 
in the incideint wave is paralkd to tho tnlgt* of the Hcreing the 
electric force for the* total dinturbana* ninst vanish over 

both faces of the scretai ajid nniBt satisfy the ditlVnaitial e<|ua« 
tion These conditions are fulttlietl by taking 

/i?r« <^c») - ~ ^1,) 167). 

This value of also satisfitis the riglit conditituis at infinity. 
To prove this w(^ nmst find an ^wyniptotie exprt'SHton fu' 
when p is large* 

Now when rX), we have' th(‘ asymptotic expansion f 

Jr L (2i7^f 

while when t<0, f has a similar asymptotic expansion with tlu^ 

. -eo 

sign changed This means that whtai cos > # > 0 we 

have 

F^ip,<}>,<!><,) ~ -V . . e~‘^~ .... 


y zTrkp C(is 5 (^ — 9 *) 

while when cos ^{<f> — <f>o)<e<Q there is a winilnr iwymptotic 
expansion in which the first tenn is missing. It thus appears 
that the electric force in the geoirietric shatlow vanishtss at 
infinity to the order pO. 

If the magnetic force in th<! incident wave is pirallel to the 
edge of the screen, the magnetic force u ■> must witisfy the 


differential equation (168) and be such that ^^“^“ver both 


faces of the screen. The conditions are fulfilled by putting 

He ~ Fa{p,(p,(j>n) + F^(p, (f>, — (f>„) .(108). 

Prof. H. M. Macdonald has shown that the solution of 
a problem concerning a perfectly absorbing body can b« made 
to depend on the solution of two allied problemsl. “ A per- 


* The Incident waves are supposed to come in a direetion tot which 
0 Bsir+0,. An approximate solution of this problem was ($lven by H. t’oinoarA, 
Acta MathematUa, Bd. 16, p. 297; Bd. 20, p. 816. 
t Bromwich’s Iiyinite 8eru$, p. 828. 

5 : mi. Tram. A, Vol. 212 (1012), p. 887; Pwe. iUmdon Math. StK. (2), 

HT-I 1 ft /•*ft<fft\ ' ' 


¥ol. 12 fl91SL 





SCREEN WITH A STRAIGHT EDGE 


85 


fcictly abHorbing body may be regarded as a body which is 
incapable of supporting either electric or magnetic force; 
h(uic(‘, if (7 is th(‘. cdectric current distribution, on the surface 
of the body when it is supposed to be perfectly conducting, 
and (7 is the magn(d}ic current distribution on the surface of 
th(^. body when it is supposed to be incapable of supporting 
magmatic forces the superposition of those two distributions 
gives the electric and magnetic current distributions on the 
surface of the body when it is perfectly absorbing and the 
amplittide of the incident waves is doubled.” 

Now if we suppose our screen to be incapable of supporting 
magnetic forc(% the boundary condition is that the tangential 
component of thc^- magnetic force should vanish. When the 

electric force is parallel to the axis of z, must vanish over 

o<p 

the scrc!(m. Hence 

E, = F, (p, <^, (^o) + F, (p, <)!>, - (^o).(169). 

The solution for a totally absorbing screen is thus simply ^ 

.(iro). 

Similarly, it can be shown that when the magnetic force 
is parallel to the axis of z, the solution for a perfectly 
absorbing Bcrt‘on is 

/4 = Fa (p, <;5, <^o) .(171). 

Prof. Lambt has discussed the case of perpendicular incidence 
with the aid of the parabolic substitution 

The curves f = const., 17 = const, arc confocal parabolas, 17 = 0 
is the Hcreoji. A solution of Maxwell’s equations is obtained 
by writing 


H^^O, 


when' 


Hy^O, 

at “ 
3^ 


djh _ ■ ...(03), 

3t“ ~ ) 

.(04). 


W. Voigt, (i'Mt. N'achr. (1899), p. 1, disoussos the case of an absorbing 






THE PROBLEM OF DIFFRACTION 


Starting with Poisson h wavc^-function* % = cos | ^ ^/(ct — p), 
let us put 


a, = x- 


Transforming to the coordinait^H wt* ol^tain 

^ 0f ~ 0»; “ “ C ~ e) .071, 

Solving this partial differential (H|nat.ic>n by .Ligrangc^s metlmd 
and adjusting the complementary function ho that tin* bcHindn.ry 

condition »0 for r; = 0 is HatiHfied, wt* obtain 

07] 

rl+ij 

I, 

+^F(ct ^//) +1 F(ct - y}.,.(17)> 

where Fis an arbitrary function. If f.he boundary coiuliticm is 
-usaO for 9? as 0 the sign of the second term must be changt*d. 
It is easy to verify that each of the integrals reprtwnts a wave- 
function. 

Let ns now put /(j;)« ^ (it — dt, 

and make the substitution or cos a, rsaersina, then after 
a little reduction we find thatf 

„ \ 

us=‘F(ct + y) — ^j'^F[ci + y — (/3 +.'/)wt5*«] f/a 


+-j F[ct — y — (p — y)m‘.c^a]da w<0. y H) 

ir 

,F(cti-y) + F(ot-y)-^J^F[ct + y-(p + y) «<>{•;•' a\tla 

ft * 

■ ^ j F [ci!^ + y — (p 4* y) s(K# a] dm 


+ ~I^J^[ot-y-(p- y) HQC? a] da * J JJ 


..(177). 


* Jmmal de VKeoU Polytectmiqw, Ciih. 19, t. 12 (1K23). aluo V. 
Volterra, Acta Math. 1.18 ; Hiint**oh»l, Medurtim der PatmtMfflHfhang, Ch. I. 
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Each of the integrals rcprcsciitH a wave-function provided 
.^"(±oo )==0 and 

tan a [ct ± y (p ± y) sec^aj 0 as a —». 

In these circinnstanccs we have the solution of the diffraction 
problem for the case when the initial disturbance is represented 
by u=^F(ct + y)^ the magnetic force being parallel to the 
axis of 2 , By suitably choosing F we can deal with the case 
of a solitary wave. 

A new method of solving the problem of diflxaction by 
a straight edge has been given recently by Oseen*. 

Problems connected with a wedge have been treated success¬ 
fully by Sommorfeld and other writers by using a certain type 
of contour integnil The fundamental solution of (163) is now 

.(17B), 

2viJ da V ^ 

where — and the path of integration is a simple con¬ 
tour which starts from oo i -f 7 and goes to 00 i 4 - 7 ' without 
crossing the real axis. The quantities 7 , 7 ' arc subject to the 
inequalities 

273- > 7 > TT, 0 > 7 ' > — TT. 

This function u is multiform and of period 2 n 7 r, but on an 
n-sheeted Eiemamfs surface with the origin as branch-point 
and the line <j!)«- (tt — ijfro) as branch-section, it is uniform. 

With the aid of this function a number of diffraction 
problems may be solved. 

Thus in the case of a pc^^rfectly conducting prism of angle 
27 r — a if the electric force in the incident waves is parallel to 
t.he edge of the screen and is represented by the real part 
of th(^ expression 

0ik [ej|S+0 «OH (<^ ^ 0 )]^ 

it can bo nhown by an oxtonsion of tho method of images, that 
for tho total disturbanco th<! electric force is the real part of 
tho expression f 

.(179), 

* Arkivfytr matemaMk, aHtronomi ochfydk (1912). 
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THK I'ROHLKM OK DIKKBACTIOX 


[oh. 


whoro 

w = ?/'i -cdN ^ — i’i>H ^ (0 

(X OL « « 

and t/ho path of iniogniiinn in tho Haiiit* m In^fon*. 

In the aHSociakHl proldein w!n*n the inagniitie forco in 
the incident wave m paralh*! t.e the axin of the magnetic 
force for the total dinttirhawa* is the real part, of tin* exprcHsion 

//* » 3”. f log ( W!I\) (/f..(180). 

JiTT'i J O 5 

These solutumH and the H<dutii«iH t»f aiialogonH prohleniH hav(» 
been diBcnsBcd by W. li, daek^oii IL M. Mae^lonaldf, F. 
ReichoJ, A. Wiegride§, anti other wriit‘rH. 


§31. EEiptic coordinate® i|. 

If we put 

a* * cosh m crm i/ ■*:- «inh « sin )( .( IHl), 

the differential ecpiatioii (1113) betioiiieH 


g— + 4- t<*os!i'^ M ™ Cfw’^ ^)ii mO ..,.. .(182). 

The olementory atdntionH are imw of the ftirin 
u K (m) 

where i7 and J' satisfy the ecjitiiiiims of the elliptic eyliinlerTi 


4- cosh^ai 4* p) A*-- d| 
#F I 

roj 


(188). 


Appropriiitio HolutimiH them* <sijuatid»« havt* bo«n 

obtained nsctmtly by Pnd'. WhittakiT**. 


* i*mt. Imukm Muth, Sm. Hi^r. »i, VtiL 1 {1IKM|, |». Illlll. 

t iUtl Vol. n (19111), ih 

t dm. (L PkiiM. Jkl. IJ7 (liiri), |I. nil. 

i ihuL ?al. 119 (Iliei), p. 449. 

II H, Wiber, Math., Ann* VtiL I (iHlli); Jtmnmit Hiif* 3, 

YoL 18 {1868); Hwtomiuiin Ifciyrk drrkii^ fig I. tl, p. 17<I; II. C. Mttcliiiirin. 
Gamhr. Phil Tmm. Vol 17 (W9H), p. 41. 

IT Foi* tlii ©iprtion MUii liiiioff, iiutuMmfh tier ; Wiitltiiiitiiin, 

MaiL Ann. BcL %$; lliitteiolirl M$4iMfhr, /. Sfaih, i#. PAp. YoL 81, p. 
(1888); Mttlliieii, lioiiuilfo*! ./loiriifil, H#r. *i, YoL li (I8S8), 

'W' # lii « # Ik Cfi. wi\ .14*4* # 1 li “I ♦! 4 
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Klliptit‘, coonliiiaicH an^ appropriat (5 for the Bolution of 
probloiuH (U)miec‘,k^(l with the scattering of electromagnetic 
waves by an elliptic cylindiT*. 

W, Wi(m hn,HHngg(*Ht(Kl+ that the problem of the diffraction 
ot light ihrouglu a straight slit in a screen J may be treated 
with tlie aid of elliptic (ujordinates by n^garding the screen as a 
limiting (^ase. at a hyp<n’bolic cylindiu*. 

fl. VVelna* I has shown that whe.n k^O the elliptic and 
parabolic substitutions are the only transformations which lead 
to (dementary solutions of thc^ ecpiation (168). For further 
proptulb^s of this diffenmtial (Mpiation we may refer to Fockels, 
llher (lie partwlle DiJfemitJAtl(/lM()hun(j Aa + = 0, Teubner, 

Leipzig (1891), and to Lord Rayleighs l^heor^ of i^ouncL 

§ 82. Other diffiraction problems. 

TIu‘ <liftVaction of light and electric waves by a grating of 
win*H is a problem of imptu'tanee, but the mathematical treat¬ 
ment is very difficult and the theories that have been given so 
far are of an approximate character. Sir J. J. Thom8on|| has 
discttsscHl th<^ theory of Hertz's gmtingll which consists of 
a number paralltd c^piidistant metal wires. When electric 
wavivH whose wave»lcaigth is large compared with the distance 
between tine wirtm fall normally on the grating, they pass 
through if the el<K;tric force is at right angles to the wires but 
are reflected if the cdectric force is parallel to the wires. Prof. 
Tiiimb has considert^d thc^- case of a grating which consists of 
parallel strips of metal; his theory has been supported by the 

^ Bt«, for itMlwieo, K. Aiohi, Prac. Tokyo Math, Phy$, Soc, (2), 4, p. 266 
p0OH); II. Bicgiir, (L PhyMik (4), Bd. 27 (190B), p. 620. 

f JahrmhfHrM d, dmUMch. Math, Varein, Bd. 16 (1906), p, 42. 

I For thifi prfddiira mm K. Hehwftrziohild, loa, dt, ; Lord Eft.ylaigh, PhiL 
May, Vol. 4S (IB97), p. 269; Mmtijk Ptipen^ Vol. 4, p. 2BB; Proc. Moy, Soc, 
A, Veil. S9 (191S), p, 194. An intereitlng oxprimontal renult has been obtained 
riioitntly by F. Kiiiimiwa Amsterdam Bw,, Nov. 2B (1912), p. 699. 

§ Math, Arm, Bd. 1. Hm Reduction der Potmtialgldchunffy 

p. 167. 

I! Mffmt Ummrdm (lH98), p. 426. 

II (Mketfd Worki, Vol. 2, p. 190. For some raoont experimental work see 
IL dn lloiiiyul IL IMmm, Ann, d, PhyB. Bd, 86 (1911), p. 248; A. D. Cole, 
Phy$* Ikdmt Jan. (191B). 

Prm, tamlon BMh. Soc, Ber. 1, Vol. 29 (1B9B), p. 628. 
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oxperinK^iital work <4* (^1. Sohaofor*, J. Lnni^witz*, an<l (k II. 
Thomson f. 

Lord RayltoghJ' has giviai an approximate* t‘k‘riromagtu'Lic 
thca)ry of tho action of a grating on waves <>f liglit and this 
theory has boon oxtemchMl by W. Voigt § so as te» take*, into 
account the prop(‘rti(‘H of tin* material <d' which tin* grating 
is miukx VoigVs theory has l>e<‘n tested t*xperiinentally by 
K. I\>gany|| wh(» gives an account c^f previous expmimental 
work on the subject. 

Thc^ diffraction of light through a circular hob* in a acreen 
is a probleun of interest t»o mathi*maticianH whieli has ye,t to be 
solvedf, A promising nnd.hoii of attac^k is to reganl the acre(*n 
as the limiting cime of a hypt*rbohdd of revolutitm of ont* Bheek 


Examples, 1. Proven that 


.. m ^e{i - t) hpvn^(4> - ^it) 


% If ^4* tp a C4mh {m + ix\ i " p*uii 




■s J 


where the Kunuaiitiou cxtcndH tJVtn* all iweii integral vnluestif a if p woven 
and over all cnld int4igral values of a if >» In inld. 

(J. II. Ilartenstein, OViiiirrl*# div/iic (SX t. 14, p. 170.) 

§f'i2a. The introdnotioia and elimination of diseoniinalties. 
Wave-functionH witli Hingular lim*« ta with singularities 
travelling along straight lint*H with th** velocity of light may 
Hornetimtw t‘mployed with adviintiigi* in the solutioii of 
diffractiim problemH. To i!luHtrat.t^ tlii* inetlmd to la* adopit‘cl 
we Hindi conHidf*!’ the diffnictiini of waves of Moiind by an 

* ifiw. il, Phif$, llil. *J1 (IWMIb |i. as?. The theiiry i« iliiviflin«l frciiftii mm 
point of view hy 0. BehfW'fer iwnl F. Iliaehis lUtL ll*L ll*i {lllin|» P« ^77 ; 

(Wl), p. W7. 

+ iMd. ¥oL n (mo?)* p. mm, 

t Prm, May, A, Vol. 711 |mi?h |i. mi± 

I (nut Nmhr. (Hill). g Jiui. il. Flip. Iltl. i7 (IgfJ), p. M7* 

II ApproxlittaHi w'lltilioiw liiive Imspii given liy Cl. Cl. Hl4ik«4» Hmmlh PhU, 

Tram, (lS4i)| H, Fkktmk SeM, Hkr,, (tStCI) ; fl. A. 

liowlwidi A»mn Jourti* VoL fl; A. Clrimpai* iHm, Kiel (WHO); A. i, li 

PMl k mi lO'mfM'in 
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infiniU'ly thin si'mi^infuiiD^ plaru^ 1 )(Huk 1(‘(1 hy a straight e(lg(‘* 
W(‘ slnill supposi' that th(‘, wa.v('H a.ro scant out from a stationary 
source* and that. tlu^. senn*!! acts as a piadcct rcHectorf. 

L(‘l. tin* axis of z lx* takcun along th(‘ edge*, of the screen and 
tiu‘ axis of m in ttu^ planer of the', scnnui at right angles to the 
talgc*. Lc‘t /* 1 h*. tlu* Hourex) of sound and Q an arbitrary })oint 
on tht‘ i*dgi‘ of the Hcux^en. If tlu^ disttirbance issuing from P 
were ndlected ac*eording to tlu'. laws of geometrical optics, the 
total dintttrlnance^ would Ik‘ discontinuous in crossing two semi- 
infmiti^ plant's, t'ach of which is boundt'd by the edge of the 
scrc'en. The first of tlu'sc^ plant's is a boundary of the geometrical 
shadow, whtm cotiiinued across the edge of tht^ scrc^en it passes 
through I\ The st'cond plane is the boundary of the geometrical 
shadow for the optical image of i-*, viz. Pi, 

To tnbiain tht% correct solution of the diffraction problem we 
must add ttn the dlsturbancti just described a second one having 
distxnntinuities which will axmul the above-mentioned dis¬ 
continuities, the now disturbanccj must also be chosen so that 
the boundary ctnndition is satisfied at the two faces of the 
sertMUu We shall now show that the required disturbance can 
bc‘ built up by superiKnsition from elementary disturbances 
with singularities along linens stich as PQ and produced. 

iMi R be the dist.ance of an arbitrary point (x, y, z, t) 
from Q, tlmn if ( 0 , 0 , f) are the coordinates of Q and c is the 
vt'locity nt sotind, wn kruw that a function of typo 
I . R IT 4* iy \ 
it-^ y c' z-^+HJ 

Hatisfies the wave-equation. Lt^t us choose the arbitrary function 
f in such a way that the expression becomes infinit(3 along the 
lifUi PQ produced and returns to its initial value when the 
point m, //, s is rotated twice round the edge of the screen. 
This last eonditit)n is added so as to enable us to satisfy the 
boundary coxidition. 

* This probliun htw been solved by IL B. OiWMlftw, Pme, London Math, floe, 
Vol. BC) (ISDH), p. DJI. A transformation of bis Molution suggeated the method 
df»arlhc‘d here. 

t This ftiiKtimptlon Ih uiually justifiable. In IXof. A, 0. Wibflter’B experi- 
inente on the nifliotion of wnmd from the ground {Phyn, UevieWf VoL 28 (1909)» 
n. It wtti found that the reiectfon is more than 90 
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[oh. 


Now if wc write 

where u and (f> are real qaautitit‘B, aa<l uhv to denote 

the valuoH of It, u, ^ for tlu‘ point /^ it in i‘a.sy to hih^ tliat the 
function 

F (t — ) HLH\ I + i ( H + a..) I 

aatiafies tlu^ n^cpiinuniuitH, for it is piuioche in with pen<Kl 
4f7r and is infinites along PQ produced, where 

a.*= ^ = + 

Wo now imagine sourct‘H eorr(‘Hpoiiding to wave-functions of 
this type to he as8(^ciated with c‘ach elenumt «d’ the tslgt^ 
and HuppoHo the strength ami plmsi* ()f tin* semree at Q to 
depend on its posithm ndativc* to P in such a way that 

where f{t) is tlu) strength of the source^ at P at tinu* t 
In this way we obtain an integral 

i _. kkA - " t '^) ““ i W - ■f. + ■'<» +».)). 

which will be shown to be diHcontinnouH in tln^ way reepured 
as the point (x, t/, z) crosses the boundary tif the »liad<iw for I\ 
In a similar way we can construct an intt»gral 

-Li. (‘- “ t -■* i W + *. - i(“ + «.)I. 

which can be shown to la* iliscimtiriuous in tlie way rec.|nired as 
the point (w, y, z) crosH<.« tin? iHunidary of tlie gnonietrical 
shadow for iV 

Now let r, bt? the distances tif tin? {K>int x, //, z ritsfM,actively 
from P and P^, then tin? viilocity |H>ti?ntiiil F of the total 
disturbance is given by tin? ftdlowing exprttswions in tin* different 
regions of space 

I'-, 

in's., 

t/ _ ir 


& 



.1 


inr r JVAv.ji UJW ur NDUWiJ WA.VJtJ« 


Th(' npu<-(‘ A', iw Ixumdiid by the ncreen sind the limiting 
plane of (.h(‘ geometrical aluulow for P,, is bounded by the 
limiting planes of the shadows for and P,, S, is bounded 
by tlui senam and the limiting plain; of the shadow for P. 

dV 

Tln> bomnlary condition is that., should be zero over the 

tsWi> rac«*H c»f tlu^ Mcreen luul it in eany to verify that this 
condititaj in Haiinfied, show that F is continuous for the 
wliolo of th<^ space outsidi^ the Hcrtjen and vanishes at infinity 
whiUi tlu‘ fimctioti / is finite, we shall transform the integrals 
Vu Fg to the forms given by Prof. (Jarslaw, To do this we put 
+ then if p is th(^ clistance of a point from the axis 

<»f wt» havt^ 






S'H-K, /Joe“* = ^„-^4-Po. 

/i> ,, p. 4. (ir _ 

xo ^ 4” *== Pfl — -^0 "h 

ppo cosh (ii + lig) == e - 0 {z„ -1) + RRo, 
pH + 4 - (z - ZaY 4- 2pp„ cosh (u + Uo) = (2? + Mof, 

db •> du + duo «■ - d? ■*" ;^) • 

Hent‘(' it follows that 

tr ^ r It + R,\ , 

On substituting the expression for It + P„ in terms of b we 
obtain an integral which is equivalent to the one given by 
I’rof. Carslaw. 'J'o see that it is discontinuous* we use and F_ 
to denote the values of the integral for <;(> = tt + ^0 + « and 
^ .* 7 r 4 —s respectively, whore e is a small quantity. The 

diflference k;tweon those <piantities may bo regarded as a 
contour integml and can be evaluated by Cauchy’s theorem 
Wo may write 

- Hi- . r% . m , 


80C — 00 + ib). 


- >" ■- 4L-/«t a^(‘- " t ““"if- 

Taking the rtisidue for f » 0, i.e. ^ tt 4 - 6 = 0, we 


R + Ii, 




R+K-'V 0 J r-' V £ 

* A room c««ful proof is fivoa in Prof. Carslaw^s paper. 
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|riL V 


for tih(‘ coaditiorjs (f) tt h ^ h-0 imply t-lint ilio ni(Hi 
R a.iui Rq art^ in oiu' st.raight lint* and ho givo r whon addt*d 
tiOg(*Umr. 

It is now clear tluit tiu* integral l\ poasesscH t.lu* right typt! 
of (liHcontinnity and a Himilar remark holda for the* integral 
Tlu* me.thod can no <!onht bt* modified nn aa to givt* Holution.s 
othtu* typcH of diffraction pnddemH* the ehitd* dillieiilty arint'H 
in th(‘ choice of a function which will Haiinfy tin* boundary 
conditioim. At any ratei tin* metinKi HUggt*HtH an inten^sting 
type of boundary probkun in wdiieh tin* di'nin^tl wavt»-functionH 
hav<‘ Hpecilied diHContinuiti<‘H inHii‘ad nf being continuouH 
t'ViTywht're. Thin type of problem ought to In* Htuthtnl mort* 
cornpliditdy* 

In the general problmn t>f tin* tUffraction nmnd a moving 
object of the waveg iKHning from a nmving Hourca*, tlie wave- 
functimiH that are derivtK! by thc^ iind.IiodH c»f geomijtrical optien 
have diHCtmtinniiieH at a ctwtain boundary which ih the Iocuh of 
pointH travelling along straight linen with tln^ velocity of light. 

The pointH in quention Htart from certain {)i.>int8 of the 
moving object and move akmg tiiiigentu to the aiirfaee of the 
object* their paths being in fact eontinuatkms of the paths of 
particIoH that may be coimidtn‘ed to have been emittinl from the 
Houm%. Indexed* if we imagine the ammaj to emit piirticlc^K in 
all directionB as it moves abtmt* the particles which just gra^ie 
the moving objeast will* when they eontinm* their rectilinear 
motion with the velocity of light, form the houinlary at which 
the discontinuities arise. 

In Chapter vin wti shall obtain a class of wiive-functions 
with singularities moving along straight lines with the velcKUtj 
of light. Theses functions seem to be just the ones that are 
required for the building up of wave-functions with dis¬ 
continuities of the typo just described. The problem of forming 
in this way the functions which will enahle ii« to eottiplete the 
solution of the diffniction problem is one which awaits solutiom 



CHAPTER VI 


TRANSFORMATIONS OF COORDINATES APPROPRIATE FOR 
THE TREATMENT OF PROBLEMS CONNECTED WITH A 
. SURFACE OF REVOLUTION 


§ SB. Spheroidal coordinates. 

ProblciiiH in which there is symmetry round the axis of z 
can often be treated with the aid of a substitution of the fonn* 


p + iz= f(a + fjS) .(184), 

Taking a, j3, <j> as orthogonal coordinates, we have 

+ df + dzl^ = (da» + + p'd<f>\. .(185), 


and eqnationis (18) of § 8 become 

9.(1 


when* 


j r 3 

P -9/^ 

jra 




fKO-) 




jt i' 9 /I \ 9 /I 


( 

L9 




rM. 


■.±kM^ 
■■ ± kM^ 
: ± kMi, 




i 55 8 ^ (> 


0. 




,9(«..,^) 

9 (p, z)' 


.(186), 


* This substitution has been used in other branches of mathematical 
physics by 0. Neumann, Tlmme der FdektricitMU- wid W&rme-Vertheilung in 
dmm Minge (1804); B, Matbieu, (Umn de physique matMmatiqim (1878); 
A. Wangtirin, Berliner Mmiatsherichti (1878) ; Hanteschel, Reduction der 
Potentlalgkichung ; Miohell, Mess, of Math, (1890); Basset, Hydrodynamics^ 
Vol. 2, p. 8; F. H. Bafford, Anmr, Journ, VoL 21; Archiv der Math, Bd. 18 
(1908), p. 22. The important developments on which the following analysis is 
founded are contained in papers to which we shall refer presently. 






These equations iriay be satisfied by putting 

where Q.= U ±iV is a sulution of the {Hirtial cliflereiitial 
equation 

?“ + ?S - > (■<> ?“ + '> “ w n - ( 1 ,. .0 s»). 

3a^ p\da da 

The problem of finding the perio<ls of fret* i*l<Hq,rical oscilla¬ 
tions on a conducting spheroid is of (‘onsidenibk* int<u'i»Ht 
because a straight rod of circular cross-stHdion can bt* regarded 
as approximately cHpiivalcmt to a prolate spheroid whose major 
axis is relatively much longer than tin* mimir axis. This 
problem has been treated vt*ry fully by M. Abraham*, 
R. C. Maclanrinf, M. Brillouint R Khrenhaft§ and J, W. 
Nicholson||. The effect of a sphiU'oidal obHfewde tai a train of 
waves has been studied by K, F. HarzfeldlL 

For prolate spheroids the appnqiriatt^ Hubstitiiitiiui is** 

^ 4 - tp * a cosh (a 4* ,.(189), 

or p * asinh asin^, ssari. CfishaeoH/f, 

5-“ «.Mc<>Hh»a--«m*;8) .(190), 

0 (a, p) 

Tho partial diffiweiitial wjnation ik tuw 
“ +- coth a -4 _ cot (‘'‘wfi® a - coh® il 

.(191). 

and there art', elementary BolutiotiH of the form H « A (a) li {0) 
where A and B KatiHfy the differential equations 

- coth a ™ eosh“ a + X) = 0 ] 

* ' (192) 

Mfi (Ifi i 

-|jgi - cot + (X 4- yt*a’ cos» 0) * 0 j 

^ Diwraaew, Ikirlin (1S97); Amu d. lliL Sll p. 4SII; Math. 

Ann. Bd. 52 (1B90), p. SL 

t CamiiT. PUL Tmm, VoL 17 {lS9rt49* pp, 41—MIS. 
t Propagatkm de Vileeirkiti (1904)» CIn vn 
g WimerBmichk (1904), p. 27S. 

jl Phil. Mag. (1906). II irit*wrr Merkhk (lill), |i, I6S7. 

** Of. Reim.ardkJM. 26 (184B), p. tm; KuitdfmikHmim, ^kh 2. § SB; 
Lamb’s Eydradgnamki, p. 182. 





These equations are discussed in some detail in the papers 
to which w(^ have just referred, they may be reduced to a special 
form of an e<juation obtained by Prof. C. Niven^ in a study of 
the conduction of heat in ellipsoids of revolution. 

For oblate spheroids the appropriate substitution is 

p ^ 121 — a cosh (a + i/3) .(193), 

giving p = a cosh a cos /?, a sinh a sin /3, 

The surfaces /9 = const, are now hyperboloids of one sheet, 
the surface ^ — 0 can be regarded as the surfixce of a screen 
which is pi(irced by a circular hole of radius a. 

The partial differential e(iuation for O is now 

9a« + tanh a — + tan yS 4- (sinh^ a + sm^ /3) 11 = 0, 

and there are elementary solutions of the form li = -d (a) 5 (yS) 
where 

— tanh a . 4- (X -h sinh^ a) Jl = Ol 

f *■ ...(194). 

When ii is independent of t, k = 0 and the elementary 
solutions are of the form 

fi «/ Pn (0 Pn iv) dv, f ^ cosh a, 9? = cos /9 . . .(195) 

for prolate spheroids, and of the form 

ll™JPn{^)d^JPn(.v)dri> ^’“^sinha, ■>; = sin^...(196) 

for oblate spheroids. In cither of those solutions a function P« 
can bo replaced by Qn- The corresponding solutions of Laplace’s 
ecpiation are of the type 

r = [APn (I) + PQn m iOI\{v) + mn (’?)]•• -(197). 
whore A, B, V, D nxo arbitrary constants. 


Phil. Tratu. (1880), p. 138. 
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Esamplm. 1. Prove that 
[(cosh a cos jS — cos 7)^ + Biolr' a siu^ ^ I ^ 

=". I S ('iii4“ 1) V« «) 1^) y)- 

(Cl Neuiuaon.) 

2. Prove that a fuiicticm // (^) vvhit*h Hfitisties tlie tlitlhrciiiial equation 

(102) and is zero for in a Hi>lution of the honiogetunius iuH'gral 

eqnatioii 

where p is deteraiined hy the conditican that the integral tH|iiation slundd 
possess a continuous solutitai which is isit identically */,ero. 

(^I. Ahrahaia.) 

3. If ii (a) be defined by the w:|uatiou 

vl(a)=-smh2« 

it Batis'fies the diffemntial equation (102). A «Kauid Moluiicui of this 
eqtiation is given by 

I (a)»smh^« I” A (i)xmhid4 A w>0. 

and is suitable for the reprtwmbition of divergent waves. 

• (M. Abraliaui.) 


§ 34. Paraboloidal coordinates. 

If wo write 

« + i/» = (oo + t/8(ir, «t“ “ — 0 

so that the traiisfonnation is 


s = — a — 0, p ^2*/ — (X0 

the differential equation (143) btfcomes* 

a^F., .,.0F . ,.aF 


.(lilH), 


13’'F 


a „ + (m H-1) 0 ~ (m + 1) -ia-0) 


«<), 


and is satisfied byf 

W^A(a)Bi0)e*<^, 

* Of. H. J. Shatpe, Qtmrkrly Jaurnalt VoL HI (IHIH) ; Pm% Camln PML 
Soc. ?oL 10 (1899), p. 101; VoL 18 (1908), p. 1811; ¥ol 18 (IW9), p. 190; 
H. Lamb, Proc, London MntL Hoe. Bm\ 2, VoL 4 (1907), p. 190. 

t The exlsteno© of elementery iolutloni for lh« pimboloitl ami oiirlairi 
other surfaces Is established in BOeher’s IHe> JMhmm$tmkktimn§in der PottmtiaL 
theorie. See the table on pp. 8M-7. 
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if 


^ . djA, fi J n \ A /\l 

a ~ + (m +1) -T- {h~ k‘a) J. = 0 


d(x‘ 


dec 

dB 


.(199), 


^ ~ ^ 

wh(nx‘. h in arbitniry. 

Putting %hi — ik{m'\-l) — h we find that the differential 
t‘(|uationH arc .satinfied by putting 

A = {2ika). B - (2^7c/3), 

where i'VH'V) watiafica the differential equation^ 

^ ^ + 1 ^ ,9) + nF= 0.(200). 

When n in a positive integer, one solution of this equation 
is furnished by Sonin’s polynoniialf l\n!^{s\ which may be 
defined with the aid of the expansion 

(] V r(^H + n + l)rr,^'^^09)...(2Ol). 

1^ = 0 

A few properties of this function are given here for the sake 
of n^feriUKK'.. 




1'* {m ”h n + 1) |w r (m 4- n) 1 7i —1^ 11 


■*T(wt + «-l)|«-2 |2 


/* m 

I e-W'^ T,,a^ (s) («) da = 0 

' n 


I 

r (m + 1)1’ {vt, + n + i) 

7 » n 

ds‘‘ 


v =jfe n 


v = n 


...(202), 


...(203), 


,2V‘(«)=2(:;:(.9) 


fjp 


.(204), 

.(205), 


^ Thin in a wliglU ruodilication of WoUer’n canonical form for an equation of 
Laplacc^B type, Crdk^a Journal, Bd. /SI (1856), p. 105. The equation is discussed 
Cor real valucg of m and u by 0. Hohirnnilch, iroheretiAnalyHU^ Bd. 2 (1874), p. 517. 

t Math. Ann. Bd. 16. Further properticH of the function are given by 
L. Ck 5 gcnbau<u% U’im. Ikr. (1BH7), p. 274, wlio provcB that the roots of the equation 
7',,/* (n) $3 0, ooiiHidered as an equation of the nth degree in m, are all real, 
poHitlve and unequal. ThiB m a generaliaation of the result obtoined by 
Laguerre for the case ya = 0. A geometrical proof has been given by Bdclier, 
Proc. of tlm Amer* Acad, of Artu and Scmiwch, VoL 40 (1904). 
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2«”(«) =t^ 4;T) f) t 


Eciiiatioina (201)* (202) mul (20:i) wt‘rt‘ gi\m by AIh^I^ and 
Miirphyf for the eano m =0: tlio |ioly!uiiniiil m tlioii oquivabaii 
to th(^ polynoniial of Tclu4)yclu*lf5: and l4igUf*rr4‘§ wlut*h (Haaira 
in tho theory of inter|Kdation aiui alno in tin* tlioory tif eontiimod 
fractiona. When m » ± |* the polyiioiniat am be t^xprenned in 
tcrma of the polynoinial f4,,(ir) dimaiHHed by IVliebyeheff jj and 
HcrmitelT, or in ternm of tlu' fnneti<ai of tin* pariibolie eyliinier, 
discuaaed by Weber^^* Whittak<*rff and otherH^*. 

The above analyBiH irnlicmtoH tht* exiBt4aiee <d' a wavi*«fmn*ticm 
of the form 

f«»(2il‘a) 7;«»(2iA‘^)...(208), 

This function can be expre«Htid m an integnd of the form 
used in § 6, we haves in fact the equation 

(kp)^ {%ka) {2%k0} 

~ 2W (W+"» + 1)/. ^ ‘ 

.,....(200)* 

from which the required representation can bt^ iininediately 
derived. In this fonnnla m is either zero or a positive integer. 

The convergence of a serioB of terms of ty{M,s (20H) in which 


* M4nmre$ de matMtmdqm p»r N. IL Akil, Pfirii (WM); Ommm^ Bylow 

and Lie, t. 2. 

t Oamhr. Phil. Tram. (18BB). 

% Mim. de VAcad. de Ht PStttnkmrg (1860). 

I BuU. delaBm. math. d& P*mmiu t. 7 (lS7t); (hmwm #1# iatg-mrrr^ t. I* 

p. 428. 

II Log. eit. Seo al80 8 tuna, Jmmmk VuL I, 

H’ Oomptes Ilmdm, t. 68 (1864), p. tS. Th® Hiirmit© ftinelioni hmm hmm 
gemradisid by Ouraon, Proc. London Math. Bw. Vcd. IB (1014), p. 417. Tli« 
generalised funotions ars intimately eoimtoled with lb® funelion* wiisidtritd here. 
Math. Bd. 1 (1869), p. 1. 
tt Proc. iMtdm Math. 8oc. Bar. 1, VoL B6 (1908), p, 417. 
tX Baer, Msb. Omtrin (X88S); Htoteiiehel, ZdUehr, /Mr Math. Bd. Si (1888); 
Adamofl, AnmUs de St PStirsbourg, I. 6 (1W§); G. N. Wateon, Frtm. Idmdm 
Mmh Sav. a VaI s noiA\ n 
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7h takes different integral values can be partially discussed with 
th(‘. aid of the equation 


(- ix) 

1 

J^(7^-t.l)r(m+l) 

n (n 


1 + 


n(m + n + 1) 


1 (m+ l)^(m+ 2) 
1) (m + '/ 1 4-1) (m 4“ 4 2) 


^ 1.2 (m 4 1 (m 4 2)^ (m + ;i) (m 4 4) ^ ‘ 


....( 210 ), 


which shows that the modulus of Tm^(ix) increases with x, 
Hencxi if a scricKS of terms of type (208) converges absolutely 
for any given value of a, it converges absolutely for all smaller 
values of a. 

For a fuller discussion of the convergence it would be useful 
to have an asymptotic expression for 2\rJ^(s) when n is large. 
Suitable asymptotic expressions have already been found for 
the ca,so w = ± ^ by Adamoff and Watson. 

The differential equation (200) has been studied for general 
values of m and n by Pochhammer^, Jacobstahlf, Whittaker J 
and BarnoB§. It usually possesses two distinct solutions which 
can bo expanded in power series converging for all finite values 
of s. If, however, m and n are positive integers, there is only 
one solution which can be represented by a convergent power 
series in s, the other may be defined by the equation 

(«)» (s - <r)~«-»-*cZ(r...(211): 

it contains a logarithmic term. For negative integral values of 
n wo may adopt the definition 

.( 212 ). 


It should be noticed that when |a| is large, Um^{2ika) has 
an asymptotic expansion of which the first term is 

The solutions of typo 

{s+0t) ±im4> if^n (2ika) {2ik^) 


^ Math. Awl VoL B6, p. B4; VoL 46, p. 684. 
t BuU. Amr. Math. Hoe. (1904). 

I Camhf. mi. Tram. VoL 20 (1906), p. 268. 


t IhU. VoL 66, p. 129. 
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SONINS roLYKimLlLH 


arc coiUHequcntly HuitabU^ wlu^ii a in tbr the 

of wavers diverging in infinity in the ptwiti\r diretiieii ef the 

axis of 5'. 

It may be wca‘ih whib* t-o meiitiuii ht*re tlnii the funetaniH 
l^nth mtiHfy Cb*geribniiei\H ditleriaiee ec|uatitmH 

11 {m + n) (x)- j.f — {in + ‘2h — IV, f ” ‘ (*•) + F” («) 0 t 

(n ~ 1) F^~' (.v)« |x - {m + n - I)! F”, Us) - F’,U j 

(«-i)i;':r‘(o-=i«-™(m+iH f:u{x)-sf::Us) I 

.<2i;{). 

Tho function also satisfieH an iH|iiJit,i«in iimilngiiitH t.o 

(204). 


I 35. Eslations between different «olntioni. 

Many iiBoful formulae may be obiniiied by exjuuidiiig kimwn 
wave-functions in neric'S tif elcuneiitfiry witvi^-fiitteiiiittH of type 
(208) and by identifying our elernentiiry wiive-fniiefitins with 
certain definite integrals which $im kimwii lo represent wave- 
functions. For instance, wc^ have thc^ expariHitiii f tun | ca i < I 

^ikX OOi jr ^ 


> tim ^ sec* E (— I )♦* n ! (m + a) I 


« (kp tim ^ j 

X T,„^{ma) 7\„»{2ikfi} .(214) 


which cnahlcH uh t<» repromsiit a phmtj wavt> with tin* aid of 
a double HcrioH of HolutioriH of the fociti (20H). 

Further ideufcitioH tnay bti ohtaiiu;<i by deriving wave- 
functions from Cunningham’s Koluti(»na* of tho mjuafcions 

Bu d^a du ?f‘ii a»M 

dr 0«f!® ’ Bt .^ 

The first equation |K>sa<!Hse8 the jwhjnmmd mluthm 

m / 




ATT 


h 


{-0 


.{2I«) 


* Pm. Mo^. 8oe. Ser. A, V»l. 81 (1908), p. 810. 8«* iilwi W«m 


Diu. Qattingm (1906); Math. Ann. (1907). Th« flwt wtull ta by App«tt, 
LiowiilU't Journal, Bet. 4. t. 8 <1^1. n. 187. 
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and also the solutions 


». L* 

t"“ 2 ” e 


/.y'l\ «‘l-2 / nif\ 

Tlu^ BtHsoml e(][uatii()n poHSOHHCs the polynomial solutions of 


type 


T*' 2\/ [- mi m .(218) 

and also the solutionn of typo 

2\/ Hin 7ri(<j> — <^o) ...(219). 


Wavo-functionH may be (hu'Ivcd from these solutions by the 
method of § 13. 

W(^ add h(a‘e a lew relations which arc obtained by ex- 
prcBsing the solutions thus formed in terms of old solutions. 


6 ’ 1 ij^ cos 0)] 


2 «“X“+’*2’,„«(s) .(221), 


n 


/pn 

\4t/ 


|t)«* e • 

. 

2“+'\"‘+»'»/f„ (\p) 


^00 

r (a + 1 ) r (« + ra + 1) />« e [1;) t'-’"-"-' dr 


-A%—j- (y 


.(223). 

’’Phe proofe of thcsHC aro left to the reader. 

Prof. (). I). Birkhoff haw remarked to me that the difterential 
ecluation (200) can bo regarded as a limiting case of the hyper- 
gcioinotric ((([nation vvlum two of the ainguIariti(5H coincide at 
infinity*, c()nH(‘.([uontly many propertios of the solutions can 
be derived from known proi»erties of hypergeomotrie functionsf. 
It shoidd be noticKid that when W is independent of t there 


^ Cl. B6obcir, Die lleihenefUwickelunffen der PotentmUheoriey p. 187. 
t Tlfm mathod was uned in a particular cage by Kummor, Crelle^s Journal^ 
Bd. U llBSe), u. 188. 
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aris (‘.lotacutary Holutioim of t'(]nat.ion (14H) of iho f'ortii W ~ AB 
where 

_ j;„ (2/ \0,a) _ J,n (‘2/ 

CiNhar ' " {'li\hBr 

We thus obtain elenu'ntary HolutionH i.f haplaceH etiuation 
of the form 


(X Va) J,H (X V^) cos m {4> - .(224), 

where m, X, <j>n ans arbitniry {«iramet.i»rs. 

§ 36. Toroidal coordinates. 

If we put 


■■ pQoacf), y »«p sin s ?cosh w, ct » ^siiih a>.. .(225), 


, tr — i'k 
p + tf.acoth , 

a sinh <r 


« sin yfr 


p " —Ci>«^' ^ * cimh cr — et« 


...(226), 


the wave-equation becomes 


1, 

9(7 


+ ::• 


ainha-ainjl^ 9i4l 9 
_(ooih a* — coa 9^ I 

Bin ^ 


mnhorgiii’^ ila) 

(cemh er — cob cl’^l 


Blllh 0" 


9%,i 


sinh 0 - (cosh 0 — cob «in 'f* (co«h 0 — eo« 3m* 

......(227). 

This is satisfied by 

u^F(a‘)0Or) (cosh 0 ~ cos i*** cos m ..(22H) 

if C08««h,r -{«(« + !) + .i “ 


0 


COHOC f (hIu f + |a («+!)- 0 




.(229). 


Hence we obtain wave-functions of tins form 

(cosh <r — cos ■^) i’a”* (cosh er) /V (cos •(/r) e**" cos « (^ — ^,) 

.(230). 

Other solutions of the wavo-etjuatiou may bts obtained by 
replacing the functions iV by Qn”*. 

Many useful formulae may be obUunwi by expantling 
particular wave-functions in series of wave-functions of tvpo 
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(:2.‘(0). Tlui cxpaiiHioii of unity, for instance, gives rise to 
Ncuunaim’s ox pansion 


It nhould bt^ noticed that when we make the substitution 
(225) the wavivcMjuation becomes 


0% I du I 0% 0% I 0a 1 0'**'^ ^ /c>Qo\ 

dp-^ -^pdp^p^ + d^ + f : 

it thus poHsosses (dementary suhitions of the forms 

Kp (X^) (V) ^o) .(233), 

(V) ?n(<f> — (/>o) .(234). 

The expresHLon of solutions of type (230) in terms of the 
solutions just found leads to some', interesting identities. Thus 
wt‘. have the ecpiation 

f /c,. (\0 (V) </» (^») dx 


Jo 




r (p+m +1) r (?)+1) r (m+1) 

. .r(n + l)“'~ ■ 


x(co8h or - cos (008 'f) P’+„_„ (cosh a) 

p> — l, m> —1, p + m> —1 .(236). 

Many important fbnnulao connected with Bessel functions 
am simply particular cases of this one*. It should ho remem¬ 
bered that 


. 

The corresponding integral in which Kp (X^) is replaced by 
/«!? (Xf) can also be evahiated in terras of Legendre functions, 
btii the fonnulae are more complicated. The case p == — m is 
discuHHod by Macdonald f. 

It should be noticed that if we write 
cosh (a - «) »! i cot cos O — <)E>) « coth cr 

sinh (a ~ m) » i cosec yf/, sin (i 8 — < 56 ) « ± i cosech <r 
three relations of type 



a(«) 

d (w, y) c 0 {z, i) 


,(238) 


Hcid, for in«tanoo, t»ho formutha given by H. M. Macdonald, Broc, L<mdm 
Matfh Soc, Her. 2, VoL 7, p. 147, and by the author, iUd. ToL 12, AhutrmU, 
f Lm, eit n, 142, 








are watinfied and ho the funelitai.s a, /i enii bi* iihih! t,u ubtaiii 
an (dectroiuagntd.ie tit‘Id by t 4 a* nirihud of | /i. It is t*Hsy 
to verily that th(‘ fuiu'ticai 

u = (etKsh 0* cHw ..42db) 

satmties the wiwe-eqtiation,/* being an arbitrary fimetion. 

W(‘. add hen^ a few fbnmilae for (eonh crk (tHwh o |; 
theB(‘ and other fonnulae will bo found in tfie iiHunoirs of 
Dr Hobnon and J)r BarneH to whieli w<* have alrt‘iidy nderred. 

iV" (eoHh a) = j, ^ I *_ ^ eoth”* ^ 

X F ■ ~ n, II + I ; I - III ; -- Hiuh" 

Q‘iirt 

» „ , , {I -c 

1(1— in) 

X (J ~ m, I + n — in ■, 1 -- 2«/ ; I - 

cr > 0, 

<2,,“ (cosh a-) = (- I)’» Vw " t * b > " « *'>’” «■ *'* ‘ 

I (II + 11 

X jP fw + |i« + III + t ; « + i» i”'^} ^ > tb 

Various aayinptotio expaiiHioiis for them* fiiitetioiis are given 
by the authors just niwneil and by Dr Niehtiktai*. 

It should mentioned that the soltitioiis of tht* wave*- 
equation that have just been (ditaimHl art* not tbreeily useful 
for tho treatment td’ the boundary prolileniH of niathematueal 
physics. They may, lumtwer, be um‘<l t<i eon«irut*t uHtdul 
solutions of thc‘. equation by meaiiM t»f viirimis 

artifices. If, for irmtatice, wt* multiply one t»f t»ur wave-fimc- 
tions by arid integrate with regani to I iHitwtam 2 and , 
the resulting functitm will ofkui bt* a sidutitm tif Aii 4“i’% » 0. 
This may be illuBtrat<‘d by taking t!ie wave*fimetion 
u * t/o {iXQ J,n (Xp) cos rii 
and using tho formuk 

"*cv'x*-e 


4 > 0 
x^>e 
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Th(^ iRi<^gra4.ioti can h^. taken between other limits in 
certain ease's; for instance', the int(‘.gTal 

J r,p„„|3 J\(p + af + -d^-{p -“«)»] 

.(241) 

n^prt'sents tine solntion of = 0 corresponclirig to a 

circular ring of Hourec's. In this case our wave-function u 
is a constant nmltiph^ of cosh cr ~ cos-x/r. 

Tlu' tluuuy of c‘lca:trical oscillations on a conducting anchor 
ring has Ihs'U trt'ated by U. (1 Pocklington*, W. McF. Orrj* 
and liord Rayleigh^, without the use of toroidal coordinates; 
the results are of course, only approximate. 


I 37* Solxxtions of Laplace’s equation. 

If we put 

a Binh or a Hill 

p* . , , .. - .-V ...(242), 

^ cosh cr — cos cosh cr-^WB'yfr ^ 


the angle may be interpreted as the angle which two fixed 
|Kunts J., B whoso coordinates are ,^'5=0, p=±a, subtend at 

PA 

a fKiint P (p,z); the (juantity cr may be interpreted as log . 


The surfaces const, are sphercjs having a real circle (p = a, 
$ * 0) in common, tlux surfaces or = const, are anchor rings. 

If we use the toroidal coordinates <f>, Laplace's equation 

becomtis| 


Am I 


: 

’3or 


/ 

C,( 


sinh or du 
wh or — COS ^ dcr^ 


0 f sinh cr 


du 


^ jeosh or — COS dyf) 

1 _ _ 0 % ^ 

sinh or (cosh a — cos •sfr) 


* Prw, (kmh. PhiL Vol 9 (1S9T), p. 824. 

+ PML M»if, Vol. 6 (1908), p. 067. 

X Prm\ *Voo. Her. A, Vol. S7 (1912), p. 98. See fUso 0. W. OBoen, 
Phyn, Zt4tnchr>, Doe, Iwt (191E); Arkiv pW Mnk /lue oeM Fydhf Bd. 9 (1918). 

I B, Hioniann, Partidle DiffmmMatyleiekmiymy Hattendorf’s edition (1861); 
C. Neumann, Thmrie der FM'tneUM$- %md Wdrmw^Verthnhmy in einmn Hinge, 
Hiaie (1864); W. M. HickM, PhiL TranM. (IHHl), p. 609; A. B. BaHSot, Amer. 
dfmim, VoL 15, Hydmdynmnim, Vol. 2. For an alternative metliod see P, H. 
Bftffowi, dfwmli of Mathmmtiei^ VoL 12 (1S9B), p. 27. 




and nf tlu' tdnii 

.(WHhcr' 

1 1 ^ 

w= ((^ohIi or - C((H ^Iry cm n (yjr - yfr^) vm m 

<4 jlwwhfl-; 

.rim 

which arc Buitahle fur the tn-at.tn»n»t uf pruhlt-niN <u>mifcki<j 
with tho anchor rinj,', circnlar disc anti Hpliurical iaiwl •. 

For probU'tuH coniU'ckHi with twoHjihcn-H bipolar ct»ortiiuak»R 
may bo UHod; tho appropriate BubHtitation inf 
fiHinilr «Hiiihtr 

pwa Z 

cosh cr — cos eimli «r — <toH ijr 

ThosurfiuiOH<r ~ const, ant now coaxal Hpht*rt'H with imaginary 
common circle. Tht‘ nuliiis of the ftphort* <r ■ cr,, jh ti i ctmoch Co | 
and tho diatanco of ita centre from tint origin ia ti | cttth <ro j. 

Tho ratit) of the diatiuieea of a point from the limiting {Kunts 
of the ayatem of coaxal apherea ia and the angh* botwoon the 
radii from those points ia t/f, 

Tho appropriate aolutiona of Liplaco’s oijviatitni aro now of 
the typej 

u ®»(cosh <r — cos yjr)^ [d ctwh (« +1) ff + /f ainh (/Ji + |) cr] 

X cos m (<l> — [//V" '^) + >jQn^ («*M* 

It should bo noticed that when we are using toroidal 
coordinates tho function 


■ (cosher- 


• coa <f>±i log tanh ^ 


Ct>H I (yjr ■ 


t.) 

.(‘24Ci) 


satisfies Laplacifa o(piatiojj and that when we urns bipolar 
coordinates tho correajwnding aolutioii ia 


(cosh <r — cos i/r) i / tf> ±t log tan ^ 


cosh |(<r “ <r»)...(247). 


^ See for insttmoe W. Hokion, PML Tmm» Veil* IS (ISti); 0. 

W. Osoon, ArMvfl^ MatemUik, Bd. 2. No, «; H. 0. Pcie.klitt.||l©ft, PML Tmm. 
A, YoL 186 (1895), p. 008. 

t W. Thomion (Lord Kalvin), IdmpUM$ Jmrml (11147). 
t 0* B. Jeftry, Prm, Jioy, Bm. Bur. A, VoL 87 (191*^; Cl* E. Php$, 
Mivim (191^); 0. Bwboux, Bulk diM Bd^mm wmtk, i. SI (1907), p. 17. 
Another method of dealing with probkini ooim^tid with Iwo sphtres Is 
deaorihad by A. 0ulll©t and M. Albert, dourml d$ Fk^dqWt L S (I9li). 
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Tb should bo inontioned here that other simple '‘^solutions 
may be obtained by using the formulae 

"'AA Shi*"*'' 

pI 1 (coh' ilr) = a / COS7lylr, 

Pt 1 (cobK cr) . - — ^ ~.cosh na. 

^”1 / /y 


EXAMPLES. 

1 . If with the notation of § 36 wo write 

(■^ipa»a conh (a+ zfi) 
the wave-eqtiation hecomoH 

+ ^ 0^'“^ (C0H00h^a + C08ec2iS)|^-g 

+ («ech^a - seo^jS) g-g ” 0- 

Hence whow that there are wave«»function8 of the form 
« * A. («) B (^) cos OT (iP ~ ^o)» 

whore a, m and arbitrary constants. 

2 . Prove that if p+w—/(a+'i^i) the wave-oqnation becomes 

0% 9% 1 fdp du df) . 1 /I I 

p \da da 

and obtain elementary solutions of type A (a) B 0) when 

S’^ip^a cosh (a4*^'^)‘ Notice that the Holutions of eqiiation (188) are not 
wave-functions, they are anidogous to the stimm-lino functions of hydro¬ 
dynamics. 




(’HAlTICli VU 

lIOMOdKNKOUS .St)l-dTl()NS 01-’ TifK \VAVK-KQI'ATION 


§ UH. The method of Stieltjoe*. 

Wiivc'-J'uiict.iuiiH wliit’h ure h(Uin>jfi‘iu*(iuK fniictionH of a',y, s, f 
nuiy be Htudied witli tlu* nid of the Hulmtitutioii 

u! }ivm 0 V.VH <fi, 2 «f4iti0ctw^| . 

wi *•« wn ^Hin ^ J.' 

The wav(i-eqnati(Hi in thcHts coonluuitt'H hiw the forta 

3au ia% i a»a 

« d» cos’ e 

1 cot^ —. 

tonin'*O fdO’’’^' 

Putting cos 2$ Es fA, wo tin(i that there are obmentary solutions 
of degree 2n of the form 

^ ^ g<m* +;» .(249), 


if 


d 

dfjL 




Thin CKiuation in Hatinfiad by 


0 

(250). 


(1 + (1 -rt" + 1 + ’" J ", “ + 

.(251), 

with th(^ UHual n()t»aii()n of tht‘ hyporgeomi^tria faiiatfitaiit. 

* (JouLptio MendlUT, t. 95 (IHH2), p. 901 ; LlfHirlllr*# Her. 4, fc. $ 

(18B9), p. 55. Ho« alHo TwHcimrul, dr mAmndfUf rMrMir, Vmln (IHHII); 

H. Bateaian, IVoc. Lowhn Muth, Stw. H«r. % Vc»L II (J905), |L Ul. 

t This gives a polynomial If oitlmr w. +1 + or « n i« lero or » 

negativ© integir. 






It shotild be notict.^d that if we write 
(iOH 0 = sec a, sin 0 =:% tan a, sin x == c<^^h lu, cos i sinh Wy 
fi = scc*^ a + tan^ a, 
w(‘ obtain redil wave-functions of the form 

u = 0 (/a) cos m (<j!) — (jbo) .(252), 

thi? variable in the hypergeometric function is now — tan^a. 


When m =p the eejuation for @ is the equation satisfied by the 
asBoeiated Legendre functions. We thus obtain wave-functions 
of the form 

u = (cos 20) .(253). 

Cotnparing this with the elementary solution of Laplace's equa¬ 
tion in polar coordinates (r, 6, <f>)y we see that if/(r, 0, <j!>) is a 
solution of Laplace's etjuation / {s’^y 20, (^ + %) is a wave-function. 
We may thus derive wave-functions from harmonic functions; 

in particular, the fundamental harmonic function ~ gives us the 

fmularnental wave-function We have 

8 ^ + 2/^ -H 

alnmdy remarked in § 13 that Lord Kelvin's method of inver¬ 
sion may bc^ extended to wave-functions, it is easy to see that 
th<" result is an immediate conseejuenco of the fact that the 
differential eejuation (250) is unaltered when —(^ + 1) is 
written in place of n. 

It is (^asy to see that there are (n + 1)^ linearly independent 
polynomial solutions of degree n, for a general polynomial of 
1 

degree n contains ^ (n +1) (m + 2) (n + 3) coefficients and when 

this is opemtcid on with XI the vanishing of the resulting 

polynomial of degree n — 2 gives ^ (n — l)n (n + 1) conditions. 

The difference between these two numbers is (w + l)^ 

A polynomial solution of degree n is given by the integral 

% » (s coH a + !/ sin a 4- u)'^ («? sin a — y ^ *“ da, 

Aaetof (a + 1)® linearly independent polynomials is obtained 




by w iiipI p ti» IaIu* llir til, 1 A lirttrr 

i«*i lif miliitiiiiiH m i4»fiiiiirti liy iln^ iiiirgnib^ uf' tyjir 

II ‘^^1 jt^r lylr*’* I h: rllj#' 

Jo 

f\i/|r I rl||» 

Fnlyiiiitiiiiil wiliitiniin limy iiimi lir tibtiiiiiril by ilitlVmit iiiiiiig 

ilit^ fiiiiiliiitii'iikil wiifp-fiiiirlitiii iiiitl iiMiiig invvr- 

niiiii*, Tlici imlyiiiiititii! by 

(Jaylt^yt* Wfii4«*l4 lw» rr*a^titly Mtiitliial tkm% fbiiti ii m*w 
IMaiilt of vkw, 

Mmtmftk. l*r«ve ti»t wliini m i» a isil«*giir 


I 89. Th® metiiod of Oroen§. 

Homogeneous nolutitms may alao bo invoatigatod with the 
aid of Green’s substitution 

a' — ssin osin^cos y ■« s sin « sin/Q sin /<>ka\ 

__ -...... o 


a »■« sin a 008/8, ict ■ #co«a 
The wave-equation now becomes 

0«* ^ « 9s ^ s* ^ s* 9a® 


s*Bin’ 


1 9 / • . 


1 


a’M. 


s®«in*a«in®/y 9^’ 
and possesses elementary solutions of tht^ form 
uaas^A (a) li (0) cos 


<=f()...(2f».'5), 


* Of. F. Didon» Ammle$ dr Plimir Nortmtlr (1), L f* |j. fc. H 

(1S09), p. 7; t 7 (1»70), pp. H9* 247; F. Appiilb Umd, PtHrrnm, t 3S (I91II); 
K. do F4riet, Comptrn Eendm, Nov. 17t!i (1912). 

t Limwilkh Jmmml, t. 12 (1B4B); Phil Tmm. ?oL (1115) it {l«75), p, 075. 
B©e ako Hennite, Oeuprm, t. 2, 

X DmtMcJm MatL Fmdn^ Bd. 19, p. 00. 

§ Camlif. Phil Tram, VoL 5 (IB85), p» S95; (Mirelml Pap§rit p. IH7; 
Cayley, loc, dl See ako Iloino, JPmdhmh der Knffel/ttnkibmm, Bd. I, p. 440 ; 
CrdU, Bd. 60, 61, 62 (1B62.-4B68); IL W. Hobson, Brof. Imidim MMh, Siw. 
Ser. 1, ToL 24, p. 67, VoL 25; F, G. Miiblsr, Prapr, Ihirnip (IB64); CrdU 
Bd. 66 (1860), p. 161; C. Notimarm, ZeU$ehr. MtUk BAp. Bel 12 (m7) 
o. lift : mwlotte. d. Mat. m Iftt. 



vnj 

where 


queen’s method 
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d 


f . ^ dB\ 

Binff (IB 


d^A dA 

J + 2 cot 2 —r-h 

w da. 


K (v+ 1) 
n ()i H- 2) 


fiv 


sin^’ yS 
y (z/ + 1) ~ 
sin^'a 


5 = 0, 


We may thus take 

5 = Cl Fm (cos yS) 
J. = V cosec a 


A = 0. 


Ca Qm (cos 5) 


^*1 Fix i “)+CI J(cos a) 


-...(266), 


where c^, 6 ^, 62 are arbitrary constants. 

§ 40. Wave-fanctions of degree zero. 

If fl is a wav(^-functi(>n of degree — 2 , the formulae 


Ey^Z 






0fi 

00 


m 0X1 

+ ci 

da ') 

dz 

-^dy’ 


c di 

dx 

00 

dx 

da 

'^'dz’ 

E,- 

0 di 

+ ct 

da 

¥ r 

da 

da 

E,-- 

Z 011 

+ ct 

an 

By ' 

-yj-. 


0 ^ 


.(257) 


give a solution of Maxwell’s equations. 

A homogeneous wave-function of degree — 2 can, of course, 
bo derived from a homogeneous wave-function of degree zero. 
If F is an arbitrary function of two variables subject to suitable 
restrictions, the integral 


a « r - y , ,1 * .(258) 

Jo cos a 4- y am a + J ^ 


represents a wave-function of degree zero, and when this is 
1 

multiplied by — a wave-function of degree — 2 is obtained. We 


add hero a few particular wave-functions of degree zero: 


/(: 


±w 


tan" 




tanh**^ 


ct 


log 


■cH^ 


.(259). 


Kloctromagpaetic fields which are derived from this type of wave- 
function of degree — 2 may bo generalised by writing x — ^ (t), 
z—i^{r), t-'T instead oi x^ y, z, t respectively and 
integrating round a closed contour in the complex r plane. 
The integrals thus obtained can generally be evaluated by 







uu'uns (if (’iuichy’s theorem. Muny "f the resultH given in the 
lU'Xt chapter are wiggeHted at once hy thin method ami may 
be thoroughly eHtablinhed by a tuethod ofdireet verifieation. 

It in worthy of note that if we urit.e r in place of ct in a 
wave-function of degree zero tht* resulting function in a.solution 
of IjaplacCH e(juation «1» * 0. A general solution of biphuH's 
e(juati(>n of dcgre<* zero ("sut be derivtal at oiti'e in this way trom 
th(' first of the solittioiiH (2.'>tt). \\e thus obtain ItonkitiK 

formula* 


, tl* 11/ i 


I. 


A Bimikr result in that if 


O ® I/, it\ il 

ifi a homugeiM-HUiH fuuutiuu «>f degree - | mtisfyiiig tin* 

m , Bm ^ ^ Bm i a»n 

and s bo written in plaeo of uh tlici re»iilliiig fimetinii is a 
wave-function. Now if i» n BoliitifUi «»f Iji|diieo*K 

equation, the function 


1 ^ 

Vfo-or Vw-i 


ct w — el w- ~ €l 


satisfies the recpiirements, eunmajuinitly wt» niay cunchitlo that 

the function 


1 ^ « li £ \ 

-cr w-cl’ #-er #-el/ 


V# — ct 


is a wave-functiont* Other wiivf*-functionH ittiiy Ihi deprived 
from this by generalisiMl inverBion or by iiiiorchiwigiiig tht* 
variables f/, ict 


* PhiL Tram, (1857). Thl« iolalian maj b# oliiaimMi al iinen fwiiii 
theorem that if p, q, r &r© thr» fuaotioni of « whicfli mtiiff IImi inittiitlor 
ps 4. 4. rS a 0 Mid u la deiiied hy th# tiqaiAioa aw ,r|#(it) + pq (u) + sr (u) 

then an arbltmiy' fnnotlon of u k m iolntkin ©f lAplaet'i tiquation, llVrJI# 
Bd. % p, 208. Bm alio Powyth, Mrw. 0 / Math, {Wi«). 

t This result li obtained in anolhor way by PoeWi, Ober Mf par$Ml 



CHAPTER VIII 


KLEGTROMAGNKTIC FIELDS WITH MOVING 
SINGULARITIES 


§ 41, An electromagnetic field with a simple singularity 
or electron, first model of a corpuscle*. 

Wi) shall now derive a family of wave-functions from the 
fundamental wave-function 1/^, whore 

f (r)]® + [;ey — (t)T + [^ — S'(r)]^ ~ [jf — t]2.. .(262) 


and T is a variable parameter, which is at first independent of 
y, z, t Using a method invented by Prof. A, W. Conway f 
we consider the integral 


n 


1 ff(r)dT 

27riJ ^ 


taken round a closed contour in the plane of the complex vari¬ 
able T. If this contour contains only one root r of the equation 
* 0, the value of the integral is 

J(^) 

^ 2v ^ 


R: 


whore 

V = f'( t) (» - f) + »?'(t) (i/ - 1?) + r (t) (£; - 0 - 0““ {t - t) 

.(263) 

and T is the root in question. 


* I have ¥entured to uw© Johnstone Stoney’s tom electron ” to denote the 
simple point singularity and Bir Joseph Thomson's term ** corpuscle ” to denote 
the elemcintary chtirged particle which has been discovered by experimental 
work. 

t Pwc, UmUm Math, Hoc, Ber. 2, Vol. 1 (1908). IntegradB over complex 
paths had been employed previously in electromagnetic theory by Bommerfeld 
iwad other writers. 
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riELI) i^F A MOVINO KLEi^^ritON 


This function c vaniHlion when .r 1, 1 / ^ r iwu 

80 th(^ wave-function 12 han aHingulnrity which uinvi'H along tin 
ctirvc'. r roprcmintiKl by 

= y-t/{Th ?iT) ...{‘itetK 

Ifj mor(‘ov(u\ t!u.‘ velocity itf iJiiH Htngufiirity A* in alwayn it*Hi 
than thti vc*locity of light, it in vmy to hoc tlini nut viinml 

for any mii vahu^n of (*r, y ,0 other than thonc jiiMt inoiitioinHl 
Whtui the velocity c^f the Hinguliirity h* iHahvayn Ichh than e 
there in only one value ofr h* 8 H thiiii t for which the etjuafioi 
= 0 in Hatinfied: j\ y, 2, t being HiippoHcd to Iio given* 

To provt? thin we Hurround each point K on T by a sphere o 
radiuH c(t--^r) having E an eentn*; then it in dear that eini 
nphcTe lien entirely within the inighhotiring one correH|Hindin| 
to a Hinaller value ofr, pnnided r<t and t ilff I d^Ktf^dr 
Thin nhowH that oin^ and only one of thcHo ap!ii*reH piiawt* 
through a givcm point of »pat:i?: and nn ilmm m wily mw- imiIim o 
r<t for which the eqtmtwn 

is satisfied*. 

Now let a piint Q (m, y, z, ^)iiiove with a viiocity Iohh thiin 
along a cuiwe (} aiwl let us <^on«ider the viiriaiioit of r with 
Ast inereasos from t<i i + dt the riulitw «if the Hphere iwsiKiaie 
with each point K will incrtiiiHi^ by cdt and si nee Q moves 
distance loss than mlt in the iritcirvid dt, hn in^w |»o«itiori wi 
lie within the new sphere iiKMoeiated with the time t. ihum. 
quently thc^ new position of Q lies cm 11 splierif iiHMoitiated with 
greatcir time? r. 

Hence if Q mown in any nummr tdth a wtdmniy lm& than tl 
velocity of light, r imremiM with i. 

Things are cpiite dilierent whim iln^ vdmdty of M i« greati 
than c* The spheres then have a rofil erivdo|M:s inid iltere mu 
bo more than one 8 |)here through a giviui {Miiitt in s|Mme, also 
may somotimos deertiase when t iiiereases. 

In this case^ however, p vanishes for viiliiM of r, y, m, I otiic 
than ^ » f, y M t/, «»« I « t, and so il hw 00 * sitigitlnr litn 

* Ci A. W. OonwaT. loe. dL: H, IMtomin. Mimadm llttlf) 
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vin] 

through e4W5h point E, Theao singular lines form a right 
circular ccaic whose axis is along E'b direction of motion: each 
singular line is described by a singular point that travels with 
tlie velocuty (yf light. 

W\um the velocity of the singularity is less than c we can 
<ybtain a solution of MaxwelFs equations having the moving 
singularity by using the potentials* 

^TTP 47rv 47rr 4i7rv 

.(266). 

It is (Misy to verify that they satisfy the relation 

(livJL+i™ = () .(267). 

c dt V / 

When the electric and magnetic forces are calculated from 
these potentials with the aid of the formulae 

H = TotA, .(268) 

it is found thatf 

jr e d(r.cr) p, _ e d{r,a-) . . 

"*”47r9(y;ij)’ ^■'*“ i7c9 (ir«) .^ 


where 

o-F« r - f)+^" (y - +r - n - (r ^+^; '^+ n + 

.(270). 

It is clear from these equations that the magnetic force is 

A. liWaawl* T?idaira(fe Slectriqtuu Vol. 16 (1898), pp. 5, 68,106. Boe also 
F 4 . WicKyhort, Arch, n^<erlandmB$B (2), VoL 6 (1900), p. 64; K. Sohwarzsobild, 
Gatt* Nackr, (1908). Tbo potentials jire usimllj written in tbo form 

# s A = — , whore the square bracket indicates 

that the quantity enclosed is to he calculated at time Of. H. A. 

Loronte, YVw Theori/ of Mectrom^ p. 60, To obtain a model of a corpuBole we 
must writfi (k instead of e and integrate over a small region. 

+ Those expressions for the components of E and H were communicated to 
me by to K. HargreaYeg in 1909; they should bo of some historical interest 
in connection with the general theory of § 6 . This was, however, the outcome 
of iome independent work. Ci Proc, Idmlon Math, Hoc, (2), Vol, 10 (1911), 
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CONSTANCV OF THK KI.KCTRK’ CHAUOK 


loii. 


pcrj)en(licular to the elec^tric foret^ aial alnii tu the rad inn 
from the effectivt^ peBitieii of E\ for we Iiavt‘ tlie n^laiicaw 


f)T 


a 


d:f' 


dr 

''dz 


= a; — f» 


Bt 



— (f — t) 


,(271). 


It also followH from thene reiatioiw that r HutinfieH the* <*har- 
actcrintic equation 



.(272). 


This is to bo expected because*, as Jacobi hiia rettiarkcHl* f<»r the* 
case of Laplace's equation, thts argummit r of an arbitrary ftuu!- 
tion occurring in the* solution of a {xirtial difterential ecjuation 
must satisfy the partial differential ecjuatii>n of the character- 
istiesf. 

To prove that there is a Ci)n8tant charge e mmmmkMl with 
the singularity of our electromagnetic fadd wt* shall calculate 
the integral of the nulial component of E over a sphere^ having 
the singularity as cautnx We have to e?aluat4! the integ«il 


^0 ff /dcr dr dor ^ ju 

47r JJ \jdw da 3y 3y 0« Bz ^ di Si J ^ * 


which is easily transformed into 

£//-r.-v.-rv,. 


Transfonning the axes so that the axis of z is in the (iiroction 
of motion of the singularity, we may put 

v = r{voosO—c), dS^r*mndddd^, + + 

and our integral bocomes 

hs r C' (o* — if) sin 0 d0dbp 
^irJoJo (vcmd — cf 


* Werke, Bd. 2, p. 208; Crm’» Journal, Bd. »6 (1848). 
t For th« general theory of ohaiuoterietioM me Kadiunanl, Propagatlim d» 
Ondti (1908), Ohaptew th. and vnr.; J. Ooulon, Cimptf* Rmdwt, t. 12t 
(1899), p.1886; A.V.BSoWund, Math. Ann. Bd. 18 (1878), p. 411; J. Beudon. 
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Fn^f. K. T, Whiitak(U‘* has calculated potentials F, 11 from 
which A and can l)t‘ derived by using ( 7 ). He finds that 


where 

4ir*V -- e ninlT’"^ 


, “ , 47riV”=:-™ 

+ (y-vf 

— c log \/ (a* «- 4* (y “• v)“ 




.(273). 


It may be vtuihed without difficulty that the functions are 
wavi^.-funetionH. I'his result is a particular case of the 
following gemu’al theorem. 

?/» 'W a hotnogeneo'us function of degree zero satisfy- 
imj Laplaces equation A'M = 0, the function 

O -/ f (r), y ^ V (r\ z f (r)] .(274) 

is a wamfu'nctiorL 


I 42 . Th© electromagnetic field dne to a moving doublet. 

Lc^t us now derive an electromagnetic field by superposing 
two elt^ctromagnetic fields of the type just described wherein 
the singularitii^H move along the two neighbouring curves 

w » f y = g (r), ^ =* f ('r)» 

/I? * f (ti) 4 €a (tj), y » it) (rO 4 (n), ^ ?(rO -f ^7 (ti), 

€ being a quantity whose S(|uare may be neglected. 

If Tj is defined in terms of m, y, z, t by the equation 

- f (n) - m (ti)]® + [y-V (ri) - (r^)f 

+ - S'(ti) - €7 {rAf 

and Tj — T + ed, wo easily find that 

4 a (« -^ f) + /S (y •- '^) + 7 (- 2 ^ -- 0 0 . 

Also if Vi is the quantity ciorrosponding to p, we have 

« 1 / 4 e £ 0 PiX ^ a' + 0' (y •- v) + j (z — f) 

— af' — — 7^^'] « i; 4 € [^ver 4- p]> Bay. 


Now if 


. /_«{r(T>) + ea'(Ti)} 

“.w,. 


cl)' = 




* Proc» London Matfu Hoc. Ser, 2, V'ol. I* 
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FIELD OV A UOVmi IHiriiLKT 


we find that 

= ^ [A/ - J J |l'a' + - vOv^'i I )|. 

But 

tfa^ — pBcr^' x.-: a' {// ~ t|) (s ~ f I — (f - t) 

+ c% — f}'n ~ — 0* [a (t — t) “ n {// — i*;) I*" m ~ t , 


3 // li^ 


.( 27 r>K 


where i— «yt/, * 01 « ~ cxf^ ?i — ©r/'" — 

Honcte wi*, may write: 

€ d fH\ d fm\ ? fa\ | 

47r By li/ \e/ Bf \i>) t (^>^51 

The ©h:ctronmgnetie field derived fri»tn tht»Ht» {leteiitialH in <lue 
to a moving electric deuhlek It Klioitkl lit* notin^d that we 
have the relatiouH 

01 (^na\ 

' If + ...Uhh. 

Wo can write: down l)y analogy the }Kitetiiiidi4 tor an electro¬ 
magnetic field due to a moving magnetic doiililet. They are 

„ _ . p- r i* (i«\ I 

* w[a^i. i/j u»' 

r^ A. ^ /''"•'I i /"“V i"' 

^ 47r ^dw \v) By \ I# / Bj 1 cj , j 

whore 4 a« + w„/9„ + «., 7 „ =01 

4r + iihv' +"or={> f 

and «(, y„, 4, OTo,'«( an* funct.ieiw <»f r. Wht*n a, jS, 7 , /, m, 

n are functions of t which are not eoimectiKl by the n'lations 
(276) the potentials (275) am be used to construct an ehs*tro« 
magnetic field which must be n'gardcd m that dm* te an 
electric doublet and magnetic tloubU*t which move togetlnu’. 

§ 43. Hleotromagnetio fields in which singularities are 
projected firom a moving point or curve and travel with the 
velocity of light 

We shall now develop some mathematica .1 analysis of con* 


...<277k 


.(278), 
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tnidiT’HttKHl Ai firnfc Higlit it nemm appropriak^ for a discussion 
of an taniasion tlu'ory of light in which waves in the aether are 
i‘ithta* prodticcnl or guidcnl by small particles which move in 
Hiraight lines with th(‘. vtdoeity (i After further study I have 
tlmught it may be* useful for a discuHsion of the question Has 
tlu^ atdluu* a structure ? 

This tpumtion has already Ixien raised by Sir Jostq)h 
Larmor* and Sir Joseph Thomsonf. The latter has, indeed, 
(IcwehqHHl a tht‘.ory iti which the aether has a kind of atomic 
Htrucdiun* of whi(ih the elemcaitH are 'h'araday tubesj. In the 
most rccamt form of the*. th(H)ry it is assumed that the electric 
and magnetic forcoH an* 2 :ero outside the tubes and that a 
iHTtain amount c^f work is perfornuHl when one corpuscle 
t‘roHst*H a tubt^ of forces attached to anothiT. In an application 
cd’ thc! pn'Htmt analysis to Hir Joseph Thomson's theory the 
aim would be to build up his discontinuous electromagnetic 
fields from eksctromagnotic fields with certain types of sin¬ 
gularities, making use of discontinuous definite integrals. To 
illustrate the possibility of doing this it will be suflicieut to 
im^ntion thc^ definite integral • 



da 


dd 


z + im cos a -f % sin a r 



« 0 


s >0, 
z<Q, 


The electrostatic field derivcxl from the function V is zero on 
one side of the plane z^O and has the character of the field 
due to a point charge on the other side. It should be noticed 
that the integrand is a potential function which becomes infinite 
along the line 5 » 0, « cos a *f sin a = 0, and as a varies this 
line sweeps out the plane of discontinuity of our electrostatic 
field. 

To geru*ralise this rcisult wo must endeavour to solve the 

* Aether and Matter (1900), p. 188. The question as to whether the aether 
is eontinuouH or diHOontinuoim is disenHsod hy H. Witte, Arm. d. Phyn. (4), 
Bd. 26 (1008). 

t PwBidontial Address, British Assoedation Iteports^ Winnipeg (1909). 

t Recent Mesearehes cm Electricity and Magnetmn,; Electricity ami Matter; 
PML May. Yol 19 (1910), p. SOI, Oot.~Doc. (1912). See alsoN. E. Campbell, 
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C’H. 


gc^neral probh^iii of fimling’ olmiroiiiHgioitt* UvUIh wIhks^* 
BingalaritioH lit* on inming rurvt^s*. 

A partial solutitai ttf tliin pniHItati may ho ohfniittMl hy rtai- 
Bulering tinst t^f all iho fioltl rt^proBontod hy tHpiaiitais (HI) 
af § f), Wi* may obtain a Hiiitnblo pair tif liiiitiitimi a, 0 by 
BolviEig iht* t*tiuaiii>nH 


/da f /f^Y . _ 1 , rii Y 

\(MrJ Vii// Vb^i r j 

. 


3a d0 Ba B0 Ba B0 I ?a B0 
(hr f)a: ^ df/ rl// ?l5 fij " r® Bi dt 


for clearly 


'3a8^_3arW 
3y Bz 35? dy) 


lIsj// ^ UJ . [\ % / \ f W *>!/ »-* ) 


1 fdaV _ /aaY] r 1 /3/3Y „ Y ( * 
c’\ao wW ov/ \c’ 


I a« 

dt M ' 


a« a^Y 

<)x BaiJ 


1 /da dfi_da d0\^ 
c” la* dt dt dicj ' 


Tw() other ociuationn can bo obfcaiutHj in a aiinilar way and ho it. 
follows that if w<‘ mako a Hiiitabh^ choiw* of an ambignouM Hign 
which is involved in this definitioiiM of tho fnnotionK « and 
tho equations (10) will las a conw»quonco t>f o<juationH (270). 
A more gonoral ohKJtromagnotio field is obtaiiMul by 
multiplying the conqjomsntH of M in («jnafcion« (10) by an 
arbitrary function f{a,0). Since the components of M are 
necessarily solutions of the wave-equation it ftdlows that, if 
Ilf, an exprosaion of the tyjss 


d(a,m 


g(»,m 


d(g,g) 

is a solution of tho wave-equation (8). 


• The aJm must be not only to obtain a oompkto gorntmlimtion of Oroon'H 
equivalent layer which will be applioable to the oaee of a moving surface, hut to 
obtain, if poselble, an nnalyala of the eleelrlo end au^etio current aheete which 
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I'ht! o!c(!t.n>magiu!t.ic fkjld which luw just been obtained 
generally huH Hingularitien at Hpace-tinui pointa ibr which 
/{a,0) is zero. L(>t ns write /- u {x, y, z, t) + iv {x, y, z, t) whore 
•H and II are ri'al w'hen x, y, z, t are real; then the points for 
whi<di 0 lie on the moving carve, detined by the equations 
tt :3!0, rH=0. Now it Follows from (279) that f is a solution of 
the equation 



ami eonH(>(pu’ntIy 



dn dv da dv da dv _ 1 du dv 
dx dx dy dy dzdz~ c“ dt dt ’ 

Now let F{u,v) =» 0 be the equation of a moving siirfaco which 
always contains the moving curve, then if 


dF 

dv 

_dF 

0a 


dFdv 

dFdu 

p " 

dm 

dv 

dx' 

3 = 

du dy 

dv dy 

dF 


_dF 

du 


dFdy_ 

dF du 

r =» „ 
du 

ds 

(h 

dz’ 

8 = 

du di 

dv dt 

UdF\^ 

/ 

dFy 


1 

(dFV' 


.(fc) 

n 

0y) 

'^[dzJ 

d‘ 

\ di) _ 




/ 

'dFY , 

fdF' 





4( 

^Tx) 


l+G; 

-j +c=J 



consequently 




This moans that the component velocity of the surface F= 0 in 
the direction of the nonnal at {x, y, z, t) is less than the velocity 
of light, it is equal to the velocity of light only in an excep¬ 
tional case. Since this is true for any surface that always 
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SOLUTION OF THE FUNOAMKNTAL Et|rATI«LNH [{'IL 


r(‘.gan}(Hl m uDving witli a \'rliMity lt‘HM thioi tliiif ut’ light. It 
nliould Ih‘ midt'rHtcMHl that tin* rurvt^ gi*!if*rnlly r!iaiig»*s in Hlia{a* 
M it Imti thin in not nt*rr*HHiiri!y tlio 

It ofU^n liappoiiH tint thi* moving rtirvo fl c^iai In* 
rnganincl an maclt‘ up of tlu' inKtaiilanotiin jHmiiiun^ of a 
of points which move in stmighi linos with tfn* velocity of 
light. To HiH» this let m siipjMigf ilmt a fiiiiciion ^(^,/i|can 
be found such that ^ m a rmtl fiintiitm of j\ i/, •% i. !i in ovidmit 
from (279) that 

d/d^ dfdi^ ^ 

ck? clr ^ hy 3i/ ^ cb h* c*^ c7 ilt 

and thin moiniH that if a {Hniit Htaris from (.ny, sj) iiiid inovoH 
with the velocity of light ahmg a Hiriiighti lim* wfamo dircciiiui 

coaincH arc propiirtional to ^ tin* function 

/ will remain ccmataiit along ita piitlL and wuiHcijiiiUitly if the 
point once lies on the inovitig cairvc/sslHi will alwiiya li«' mi 
this curv(3. It Bhoiild be noticed thiit tin* fiiticfioti ^ ami ita 
firat derivatives with regiinl t4i i all retiiiiiii coiiatiwit iilc»ng 
the pith of tln^ moving pnnL 

The <awe in which no aiich fiiiictioti 4 c^ii4ts may In^ of 
impirtance in future <levelopiin*nt« of the aubjoct; ilita caat* 
haa not yet been dimuiMHisI in any di^Uyl 

Two metboda of aolving etjiiiitiona (279) art^ kiiowig but 
they are. not really diatiiict. In the fimt iiietiioil the fuiictioiiH 
a, 0 are defined by tHiuationa 

[* “ f («. m +f// - V (a. +L* ” r («. c ^ ^{«. mf' 

4 in(a,fi)y - 

.CiKO). 

where f, tj, f, r, I, m, n, p imi arbitrary fimetiouH mitiafyiiig the 
relation 

p 4- »rta4. Ip-mi jfi. 

The functionH a, ji may evidently be roplaeed by two other 
functions o', defined by oquatioim such as 
a'-i?’(a./5), 

^'.ATI^AAnATit'.ltl' WA TVXetXf WlLeuo jfiC #■«» tt 
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furtlu^r (niniUHttiiig tho fund.ioaN 7 ), t,T,Z,m,w,p. The 

rt*laiiu!i wi* nliall rlunma in 


/ df) dt 


d/a 

Whi-n 'i luui 0 arc <l<‘fintKi in tlii.H way W(s can obtain the simple 
spcc-ificationH of two types of oksotroina^fneticj bolds; one type 
is ob(.ainc(l by writing 

= .w. 

and two similar (‘unations. A second type of electromagnetic 
field may be derivecl from the [(otentials* 


dr 


.(281). 


{«. (S) 
p^~ Qu ’ 


" - P^-QH 


A, 


wluu-o 


IW^'QH ’ ' iW - p" 


.(288), 


P- 


aa' 

. 


dt; 




sir 


da 


(s. 




■f) 

-0-C' 


dr 

da 

dr 


c»;-(«- t), 


T> / I .J 9'^ 

da da ^ 


dl 




(t - t), 


da 


dm 


da 


iif-n)- 


da 

dn 


da 


(w~^) 


,ap 






■C*g|(«-T) 


dl , f.. dm, . dn, „ 

ip I") '•^S iy ’?) aTo (■^ 


W V/ g^' 

It is easy to see that these potentials satisfy the relation (267). 
To prove that tlujy are wave-functions we remark that 




P8 - qR La/9 

dn 


dm 






dp 


3^’ 


dm d (a, $) dn d (a, / 9 ) 3 » 3 (a, / 9 )' 

-+ '.tt; • V 7- — + -- 


e,] 


_3jS ■ 3 (a;, y) 3/9'3 (a?, .r) 3/9 ‘ 3 («, 0 J ‘ 

Now it hfis already been proved that an arbitrary function 
of a and 0 multiplied by one of the Jacobians represents a 


* W« oan ftlHO call these potentials L^, L,, A and derive an electro- 

miMmiitio fiold from thorn by the method of ^ 4. 






wave-ftmctiol), ht‘nce in a wave-fmictiuii. in a Hiinilar way 
it can be Bhewii that thi‘ etlier {K^tentials are wave.functi<»iiH. 

It nhould be noticed tha.t tlu* eI(»etroiiingnet ic fndd Hpecitied 
by the potentials (2H:I) is Cinijngati* to the tivUi given by (2H2). 
To prove thin we <d>Hervi‘ tliat 



and there an* Hiiuilar expreHsions for llema* for the 

(‘lectroniagrH'tic fiidd H{H*eifhHi by tin* poientialH wt* havt* 

y f _d {% a) 3 (iK 0} i d (m a) % d ijKfi) 

a (//, s) ^ a (JA -) ^ (A t) ^ c a (ar. t) * 

The ndation (ll) m now Heen to bt? HaiisfitHl in virtiu* of two 
<*(|uatlonB of type 

a (a, a (u^j) J {a, 0}d( u, a) a («, ^) 8 (II, a) 

a ( 1 ^, 5 ) a i) a (z, a?) a(y, t) ^ a (m, y) a iz, t) 

a (a, 0 ) d {% a) , 8 (a, 0 } 3 (in a) 8 (a, 0} 5 (in «) _ .. 

d {w,t) d (;/, z) d d ($,m) Bls.t) a(*r,y) 

It should bc‘. nunarked that the vectoi’s K, H in both fkddg 
genemlly become infinite when This inpiation 

is certainly satisfied when (w, y, z, t) lies on tin* moving curve, 
dc^fined by the ecpiations 

w^^{u,0), y^'^(a,0\ t^r(a,0)..,i2BBl 

In some cases this curve may reduce to a moving |K>int» 
as for instance when r are inde|MUideiit of 0. 

It is evident that the (piantity P8 - QE m ti«iiii!Iy xeni for 
space-time points which do !iot lie on the moving curve (2H5)* 
Ifi however, we regard I, m, a, p m complex fiinctions of the 
typo ^ (a, 0) 4- i-f (oe, 0\ itm e<piaticm PB » Qli will generally 
give rise to two distinct ecpiations eoni«*eting s, t/, t, winui 
we equate real and imaginary tenns on ImiIIi sidtm. Hence 
all the real singularities that ar<% defiiii*d by PB « QE will 
generally lie on one or a ruimbc»r of moving ctirvea 

So far we have said nothing about the choice of a fiiiitiible 
pair of roots of equations (2H0). In general we cnrinot expict 


,---J ... „ ,— ^ 

tlu^ni both to b(* real and it in difficult to lay down rulcH which 
will (‘liable uh to pick out junt one a and juHt on(‘ ^ in all cases. 
To pr(iC(H‘d furtb(‘r wt^ iiiust couHicUu’ houu‘. particular exampk^s; 
before^ W(‘ do thin, howtwer, it will be worth while to point out 
that if w(‘ aHHign givtui coinpUvx valutvs to a and /9 the equations 
(280) will geiu‘rally dt^temiinc two real points y, z, t, but 
in speeial (!aB(‘,H they may givc^ oo * space-time points which can 
bi‘ n^.gard(‘(l m thc^ coiiBecutive positions of a Uioving point. 
Thus we havt^ an interesting specification of the real points 
in spaeti by nn^ans of two complex (juantitiea If we assign 
a complex value to 0 thc^ corresponding space-time points 
Uh y, ^ gemu'ally He on a moving curve which travels with 
a vtdocity not grt‘at(U‘ than that of light. Hence in the para- 
mc^tric rc‘pri^H(‘ntation of j;, y, z, t in terms of the complex 
(juantitieH a, 0 the loci a = const., ^ = const, are generally 
moving cnirves which may alter in shape as they move but 
nevc^r travel with a velocity greater than that of light. 

Matti^rs arcs somc3what different if a or some function of 
a, and 0 m always real when y, z, t are real. This case will 
now be illustrated by a particular example. 

Mxafnplm, L Prove that the ratios of the Jacobians 

D(a,^) d(a,P) 

^ (y,zy (Hs,xy Hx,y) 

are hmetiouH of a and fi. 

2. Prove that the ratio Q/S depends only on a and 

S. Obtain the geneml solution of eqxiations (279) by taking .t?, y, a, ^ 
as now inde|>ondont variabks. 

§ 44. Projection of singularities ff’om a moving point, 
second model of a corpuscle. 

Let m now suppose that r are independent of 0 and 

that T»We may then define a uniquely by restricting 
it to be real and introducing the inequalities 



To obtain a single value of 0 wo may assume I, m, n, p 
to be linear functions of 0. Consequently we may put 

a 4 (« - I) + Wo (y - y ) + Mq (z-Q- c^Po (t - a) 

^ (» -1) + m, (y - y) + rk(z - 6 - ‘ 



whort‘ 4, lu funciiouM nf a whidi mitMj flit* rijuatitHiH 

4® 4* 4 I 

44 4“ I 4 ) 

It in eany to v<*rify that ilit* Wfivf«t*<jiiiitii>ii in saiiMfl<*d hy 
ix f\mctio!i af t.y{M.'* 




ihuH wo havo a gi*nomlmatio!i nf tla^ itii*onaii uf |4I. 

W(‘ ahall iiHauino iiiiit 4» ****^^! ^hat mmu' 

or all of tho iiuantitioH 4, Pi ^*^**** ooin|ih»\. It, is mny 

t(i Hi‘o that if wc^ iwaign a mill vahio to a anti a oomplox valiio 
to ^ tho corroHjMauliag Hpaoi^-tiiiif* ptaniH ix, //» i) ran Ih' 
rogarcltHl hh tho mimwivo iMwitioiiH tif a piiiit wlik*ii 
from th(^ point 

. 

and iiiovoB with the volmaiy of light almig ii straight Itiii: 
through thiB |K)iiit. Thorci is eh^iirly just tuii* line ihrongti 
this point fiir each ooinplox value of ^ mid tmm m*mL If wc 
oonsider all tho points in at a jiiirtioiilnr t4iiio / we ojw: 

sjK^^cify each point untijutily hy a ri*al piiraiiii4.er m and a rea' 
or complex paramotof 0. 

Lot us now consider the i»lectromiigrit*tic field which ii 
specifiod by tho |H)tcmtial» 


i ¥ i 

^ J\y ^ 


mf 


P' 


A. 


"f ii, ^Pf 

P> <p * y. 


...(•iiH)), 


where! I mi fill — k, iii =• ffMi — i»tt, >• ” iAfh - ««. p filh - Po »ni< 
/ is an arbitrary function of a anti fi. THomo jmtontiaiH an 
derived from (2HB) hy |>utting Q « 0. 

After a long calculation we find that tin* eoinponeiit of !.hi 
electric force along the nuliuK from (f, i/. ?, a) to (.r, //, s, t) Ih 


i^L 


<Ap~l 




' m 


"a« 


To obtain, an electromagnetic field in which there ia i 
constant eleotrio charge a^xsiated with the singularity 
(P. m. t. a\ we assume that n, or tt. m, f a* 1 and that 
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"Pa "da \da) \da) \da. 

TF»t> i'X{)r<‘HHi(«i for tho raclirvl t^locirie force then becomes 


rx» 

:) 


..( 291 ). 


1 


c*~r’-V’-r“ 


(Jomjxiring this with the expression for the radial electric 
forct! in the case t)f an electroumgnotic field with a simple 
singularity (f, i,, f, t), we, see that there is a constant electric 
(;harg(» 4'jr/c associated with the singularity (^, ■?,, f, a). 

It should be mentioned that the second of equations (291) 
is a consofjuonco of the other equations mitisfied by k, tio. 
To prove this wo take the axis of a; in a direction parallel to 
the velocity of the singularity (f, rj, f) at time a. We then 

have for this instant ~ moreover, we choose the 

axis of y in such a way that n, = 0, wo may satisfy the first, 
of (Hjuabions (291) by writing 
dP 

«■ c cos 0, li^ c sec 0, rn^ = ic tan 0, l„ — c cos 0, 
wto = 0, 9/o = ± c sin 0, 

ami then it is clear that the second of equations (291) is 
satisfied. 

Iict us now write l^-=ocoa0, wio = 0, ««= T h sin C 

li=‘caQC0, —ictan^, ni = 0, x — ^—X, y — r)'^¥i 

z — ^<mZ, t — raaT', then it is easy to see that if 

Y-nyZ., S=^(fT-l,X-m,Y-i,Z, 
U^d>T-kX-m,Y-n,Z, U==(?T-l,X- Wi, F-n. F, 
wo have cob^ 0SS~ IfW, U+U^ — 2P. 

Now since /5fl== U it follows that the potentials (290) become 
itrfinito when Zr=0, i.e. when 


XY^Z^T 

4 w(o 5io 1 

When a is given these erjuations are satisfied by a point which 
starts at (f, rj, a) and moves with the velocity of light along 



Htraighi liiu» wfawr nrr 


an anglt* 0 witli tin* 


prujiartiiinal to 
dinrinni of 

motion of tlu^ point. (|, r/, a), 

Tlu^ oh*ctrie and inagnotio foivoH in tho «‘lt*oiroiiiagnotio 
field deriva^l fnan tin* poteiitialn aro goiiornlly infinit.t* 

for U -- 0 inni ho our fndtl p^HHeKHea ii iiuiiihor of singular |MiintfH 
whieh an* pnyecitjd from the nnndng point (f, and travid 

along Htraighi linoH with the veltadiy of light. It Hlnuitd he 
remarked^ Inwt^ver, that if we retain only tin* real parts of the 
pofccaitialH (290), thi* projca^tt*d HingidaritieH disappoar m noon 
as the Hingularity ?/, ^,2 inoven in iiHtraiglit line with nnifirm 
velocity and n art* intlejHUidtmt t»f a. Hie held tlnm 
becomcB identical with that <terivt*ti from Iiienard*s jititeiitiala. 
To prove thin we Blmll show that, tas the above iiMstiinptionH, 
the field deriviHl from tin* j>otetitial« 



^ p ' 

iV 


p«-r 

R . 

<|>» .. R ^ 


m everywhere null, E being UMt!<l ht tltiiiok* the retd part of a 
quantity following ik In the fimt plnce we remark that 
we now have 

Ji « 4- W17J* + rif' — 0*|i 4 w. o't 

a 




(log P) ^ 


f' 1 B« / , 




Hollers 


2R 




8 d 

pdw 

U f) , HH 
- H y. 


flir 


0 




2 L «l'« /’>. 


p dx ■• •« m - 3 * 

— I' 0 O“»y-®i 

Now since U+1T+2P mO.ii follows thnl, (//P is a f«ncti«»n <: 
It/U and so AJ', A^*, A^, — - 4>* aro th« derivativt^ of a singl 
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function, conBcHjucntly the electromagnetic field derived from 
tlu potc^ntiaLs in civerywhero null. 

Humming up our results we can say that when the 
conditions (291) are satisfied, the electromagnetic field derived 
from tlie. potiuitials (290) contains a point charge which moves 
witli a vcd(K;ity less than that of light; attached to this point 
charges there is a certain curve which becomes the locus of 
a Hcries of moving point singularities whenever its form differs 
in any portion from a straight line or its direction changes, 
^fho form of the curve at any instant is subject to the condition 
tluit the points of th(^ curve can be regarded as having been 
projected from the moving charge at different instants, the 
direction of projection being partially determined by the law 
cos $ =s vjc where v is the velocity of the point charge, and 0 is 
the angle between the direction of projection and the direc¬ 
tion of motion of the point charge. 

We may now obtain a new model of a corpuscle by con¬ 
sidering an aggregate of elementary fields of the type just 
described, the point charges and exceptional curves being 
nearly coincident. If we write de for the charge associated 
with one of the elementary fields we may obtain a field in which 
the electric and magnetic forces are finite by a suitable process 
of integration. According to this idea a corpuscle has a kind 
of tube or thread attached to it. When the motion of the 
corpuscle changes a wave or kink runs along the thread; the 
energy radiated from the corpuscle spreads out in all directions 
but is concentrated round the thread so that the thread acts as 
a guiding wire. This theory of radiation is in some respects 
sitnilar to that given by Sir Joseph Thomson in his theory 
of the Rcintgen rays^. It is in accordance with his idea that 
the iinergy may be concentrated round certain points of the 
wave-front. 

The following figure indicates roughly the changes in 
the form of a tube which always lies in one plane and is 
attfmhed to a corpuscle performing a simple harmonic motion; 
it is seen that a typo of progressive wave travels along the tube. 

* MUc^^Hci^y atd MaUer^ London (1904); Phil. Mag. VoL 19 (1910). 
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hi Hit Jow'ph ThoiiiHuiiH t!i«’<»ry ‘»f tli*‘ niyn iht* 

kink in ilu* iuln* <»i* tom* iHTiinii^s lt>iigi‘r aiitf loiigt^r m it 
rncxHlnH frnni thn ehnrgt*. A Hiniiliir riiiinrk iip|i!it*H to i\iv 



oscillntionB nf tht' thri‘att to mtr {mhiiI, elmrgi*. ThiB 

ph^nomnntm may lx* dun niitindy tt» tht» fkt*|. tJiiit itin tnlx* of 
force and thrntul extend to tiifiiiity. If we Miip|itwt» that tin* 
tube or thread doe« not exieiitl to iiifmity but einlw at mmm 
other |K>int charge, the iiittniiiiiiiiiiiceii of tlit^ mottoii wdl! be 
different. If in tliia cane we trcmi the thrimd m ii Mitigtdiir 
line of an cilectroniagimtic field and HtipfMiiii^ lliiit if. m giviTi by 
an tjquation of the form 


/(«,#)*!) 

where a and ^ are ftinctioiiM whieli t‘i7Hk we iniwt 

conclude that there is no fiinction of ty|>i* F(u»0) which i« 
a real function ha* if this wen* the eiiae the moving 

thread would be the-* locus of points iriivetling in «iriiight liinm 
with the velocity of light find would coiiseiptenily extend to 
infinity. 

Elc3Ctrofnagnc*tic fields with moving pmit cfiiirges joined by 
singular curves which do not t^xkmd to infinity liiiva not yet 
been obtained, but I think then* i« some ho|ie of dt*riviiig tlieiii 
by the general nuithmls of | 4S» when the a, 0 are 

both complex. 


Esamplm. L Iliwcim the pro|M%rtit» «if tlw^ iiltieirtiiiiagiietie lieldw 
that can \m fieri vim! fhna th© imtentliik 


Ji ,h 

-y+|, 






$ i * 




AJn 


k 'h s , I . «i fjH #i 

It 11^ ^ M 1#^ * I# I#' m m * 

resoeotivelv and the lincii of ©I#eti4e mtd mMenmiim fowm. 
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Vin] VELOCITY GREATER THAN THAT OF LIGHT 

2. Provo that if a and ^ arc doiiood an in § 44, tho electromagnetic 
hold Hpocifnnl by tho ocpiationH (2B2) in conjugate to tho field specified by 
tlio potentials (290), or to tho fioltl spocified by Liduard's potentials. 

§ 45. Electromagnetic Helds with singularities moving 
with velocities greater than that of light. 

Honu‘ of the preceding analysis holds and provides us with 
Holntions of Maxwell’s equations when the velocity of the 
primary singularity (f, t), r) is greater than that of light, but 
in the case of a field specified by potentials of type (266) 
a transition from a velocity less than that of light to a velocity 
greater than that of light does not seem to be physically pos- 
Bibh‘ on micount of the occurrence of infinite values of the 
electric and magnetic forces in the critical case. Moreover, it 
is difficult in the general case to give a rule which will enable 
us to pick out just one root of the equation (265). An interest- 
ing typo of fiekl may, however, be obtained by a process of 
summation over some of the roots of the equation^. 

The case of infinite velocity is of some interest, for then 
we obtain electromagnetic fields with singularities along a 
fixed curve at a given instant of time. The following example 
indicates that the case in which the primary singularities are 
imaginary may be jissociated with another case in which they 
are rcMil. 

Consider the two equations 

(^ — a COB ay -f (y — a sin a)^ q- = c^t^, 
if + (z cosh jSf = (ct — ia sinh jSy, 
and write in analogy with (263) 

p = C6 cos a (y — a sin a) — a sin a (^ — a cos «)= a (y cos a — ^ sin a), 

Pi = ia sinh — ia cosh 0) — ia cosh 0 (ct — ia sinh ;3) 

= ia (z sinh 0-- ct cosh 0). 

We evidently have 

4i;^ = q. y^)q- q- + a% 

4p/ « 4a® (z^ - ) q« (/r® q- / q- - a% 

home — 0. 

* A more complete disouasioa is given in G. A. Schott’s Electromagnetic 
Radiation. 
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It is cany to vorify that the tum’tii*n 
u ^ 


CM. 


iH a wave-function nn<i that the fiiiictioiiH a, 0 are siiitahh- fur 
obtaining electromagnetic tiehlM by the inet}i<«i uf ^ r >; they arc, 
in fiust, the functioim eoiwitierecl in § :hi. 


I 4(5. Second solution of the fundamental equations. 

The fundamental eijuatioim (27!»> an- alnu when 

the functioim {a, 0} are defined by t in* n latiotm 

I (a, 0)w + in (a, 0) t/ -f n (a,0\ c r“ (o, 0) t i </ («, 0} ()j 


where I, L, etc. are arbitrary functittim aatialying the relatioim 
+ m’ + »® = c^p\ A* t- A0+ X‘ c’ /**, 

IL + ntilf + nK »...( 2 » 4 ). 


If now 


dl (^m , . ?n pf/ 

X»,r . , +1/ - +2.. -e’t J f •' 


r.+i/, +z.^ -iftf fl-', 

eft na <t« t>a 


dl 

'd0 

4-y 

dm 

S0 


0 

% 
r '0 ' 

dl 


BM 

3.V 


efr’ 

fjft 

+ // 

du. 

4- S . ■ 

m 

i'!ft ’ 

34 

4- n 

dM 

BN 

i^P 

eCf 

d0 

i>0 

x • 

* t0 

-1 

'* B0' 


we can derive! an idectromagni'fie field front the j)*»tent iii!s 
A _ A .t. ’’i 


A A 

»lfl. fli * -C' /I *f * * 


tii« 

Xw ■ X® fin 




where/is an arbitrary function of « and 0, and 
- 0A . m , ?t,V , fi/* 
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To vc^rify that these potentials satisfy the wave-equation and 
tlie relation (2()7), it is sufficient to remark that 

/I « ^ ^ ^ 3 ^ 

® * d^d (x, i/) d0 d (/r, z) d (x, ^ 

c a (z, t) * c d0 d (?/, 0 * a (y, z), 

When similar expressions arc obtained for Ay, A^, <E> it is clear 
that the relation (267) is satisfied. Other types of electro¬ 
magnetic fields are obtained by writing a instead of /3 in 
ecpiation (296) or by writing i, m, n, p in place of L, M, N, P 
in (295) and (296). If A^, Ay\ A^, <&' are the potentials 
obtiidned in either of these ways we have clearly 

AUJ^ Ay Ay' + A, a; ^ - 0.(298). 

I have noticed that this relation is often satisfied by the 
potentiiils of two conjugate fields. 

Another type of electromagnetic field may be obtained 
by the method of § 5. 

Soim^ particular cases of the preceding theorems may be 
dtduced by contour integration. To illustrate the method let 
UH suppose that w,... X, Jf,.-* functions of a parameter a 
which satisfy the rtdations (294). If we regard these quantities 
as independent of m, y, z, t, the contour integral 

1 fF(rM^My^Wz-^c^Pt^G,ct)^^ 

* 2 m J lx + my + nz — c^pt 4- g 

will represent a wave-function. Now let us suppose that the 
contour encloses only one root of the equation 

si (a) 4” ym (a) 4- (a) — cHp (a) 4- y (a) = 0 .. .(299), 

and that the numerator is finite and single-valued within the 
contour and on its boundary, then by Cauchy's theorem the 
vahie of the integral is generally 

.(300) 

where /S = wL (a) + yM (a) + zN(a) - c^tF(a) + G (a).. .(301) 

and X is defined in the mime way as hcforc. 

We have then the roHult that the function (300) satisfies 
the wave-equation. This is a particular case of the general 
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iheorulu of § 4*1 mul in a of ii ihourtiii iltio 

FcOTyth^. In FowyiliH work tin* ftiittiioiiH 1 ^, i/, iV, P iiro 
iwBumoil to l>o tht‘ (ioriviitivi'H t»f /, w. p with n^gan! to a. 
Tho fiinciioiiH a, fi aro mitliaitly jwirlinilar riiHoii i»f thr fimo'* 
turns that havo alroadj boon doftiunl mill .so may bo iwod to 
eonHtruci an <*Ioctrmtiagiiot to iioltl by fht* An 

iiitaroHting c*loc!troinagitotir fitdil iiwiy abn bo iloriiot! from tho 
potisntiak 

I'(a) . m'ia) . i/(«l . tp im) 

Am^ ^ I ^ , /!/- ^ ...4.102); 

it is oiwy 1*0 Vitrify that tbo r«*!iitiott (2157) i-n .Hiiiihfioil 1110 
e4iH0 in which I, m, m» p, tj arc all roiil fimciioiiH of a i« uii' 
inioroBting bocmuBo ibii otir jKitiaitiiilB bortuito iiifiitiio for 
00 ^ Hpiwe-tiinc {Kants which ho in r ^ {iliinoa Wlaai, howiivor, 
I, w, n, p, g arc eoiiijih^t fiiiictioiis of the typo ^(aM* 
the Bingukritioa of the olociniiiiiigtii^lic fiohl gofioriitly lie on 
a moving curve. 

It should be rciiiiirkc'd tfiiit when « itmi ^ an^ ihdiiiott by 
the equations (21)9) and (.101) a fiinctioii of tJio tyjw^ 

II » #'(«, 

satiifioi thii wavo-oqnation, unci iit tin* siinic tiiiio the 

differential cM|uaticm 

This is a gonoralimiion of a ihoorcun due to Fowytlif «^ncl 
Jircobi|. A solution of Miwwcir« f»*|ualioii« truly la* dtirivcMl 
from the imttmtials 

A/-4(«X 


04 , ari« 


0a m dm 


I dl , dm ^ du 

+""a« 


, dp 


* Mm$mg^r of Mathemmihtt ¥oL *J7 p. ISS. Tire Ihwrtttl i« 

obWutd la aao&w mKna«r by Fo»ylh. 
t Lm, dU, 

± M. a. Ii. MS. 
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OiK^ way <^f Haiisfying these equations is to put 

4 = '/Ho - m, iio = n, jk = P- 

An int(in\sting typ(3 of wave-function may be obtained by 
a gtmeralisation of a method due to Schottky 
L(‘t 

(h («) («) da, 6o (a) =/m (a) da, Cq {a) n (a) da, 

do (a) « Jp (a) da, eo (a) = Jg (a) da, 
then O « wao (a) + (a) 4* ^Co (a) - c^iJdo (a) + («) 

is a wave«function whose derivatives with regard to x, y, z, t 
arci all functions of the single variable a The function a is 
Hupposed to be defined by equation (299). 


E^mnple, If * 3 1 - =#-f a, n^i(8-a), cp«■ 1 + g = a\ wliere s 

is a coustfint, the function X vanishos when (x, y, z, t) lies on the moving 
curve 


1 


y. 


“.CP4* • ^ 


= 2p. 


A point for which v m constant moves in a straight lino with the 
velocity of light. 


§ 47. A wave-function with a fixed curve of singu¬ 
larities. 


Lc^t T bo defined in temis of w, y, z by the equation 
, ar = ()&p (t) 4 - yg (t) 4 - zr (t) 

where p® 4 - 4- r®« 0 and a is a constant. 

Let 1 / =B a — (t) — yq^ (t) — zr (r), 

e^ct± ®'±Ml±fr' , 

1 

then fl * - f{B, r) is a wave-functionf. 

A solution of MaxwolFs equations may be derived firom the 
potentials 

Ay^lf{e,r), = * = 0. 

♦ Berlin, SUzungnbeHchte (1909), p. 1152. 

t This result was derived from a theorem given by Prof. Porsyth, loc. eit. 
If w© put r=a« the funotions a, B can be used to obtain an ©leotromagnetio 
field by the method of § 5. These funotions are, of course, particular oases of 
the functions defined at the beginning of § 46. 


i:|8 FIKLDH WITH MOVINfi SlKUVhAU miVKH 

To obtniii a n‘al oh‘rtriatingiit‘tif fiold wo nitiHl rt‘tiu!i <nily 
tht^ Tval partH of oxprt*sHitaiH. 

li can he nhowii by putting 

/> «(ii» cK #/ -■ 4Mw. ?i I 

r = Hi (ii, ii) T ilij (a» td, a ^ J| (fc rl I i t), 

that the electri>tuagiu»tir him geiicrallj a filed rurvt» cif 

Hingulariti(‘a In the Kpecial cmi* when 

p :^z 1 — T®, q « 2t, r « i (I + r'd, *i % ■ ’ fh *4 -j k, 

the fixed curve i« the* eindc' | y ss | A. 

I 48. Cylindriori waw-jPuEotioBf wltti moiriiig «ingu- 

laxities. 

If wo define t in tciriuH of x, ?/ by the i^ijitiitioii 
- I (t)P 4 fy v r^<| rf, 

and define I (r), ni(r% pir), that 

(t) 4 (t) w t^p, 

p 4 lid “ c*|d, 

the ftmetinn n «/ (x « f) 4 la (i/ - q I - tfp {t - t | 

is such that 

is a wave-function. 

In particular, if I**'t| ’*■'*’ fh / !•♦ iii» pmi} wi* obf 4 dii 

Pois8on*B wave-function 

v/i.>/('-:)■ 

Another intereHfcing result in tliiit if Fix, y, r) in a lioitio- 
geneous function of degrt‘e | which iJie wiive-i^HUaiioii, 

the function 

Ii « F(0 — // I t) 

also satisfies the wave-ecjimtioin 

If tr » f'(T)(aj- 0 +V (t) iff - j?) - cM# - T), 

tho function 

fl» t/(^) 
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vui] 

the wave-ecmation only when ~ c®. When 

iz is written in place, of ct these wave-functions can all be 
re^fanhid jus solutiona of Ljiplace’s <«piation. 


EXAMPLES. 


1. Lot 

x>mxf{r) - («) ^ («) *, f=*/( t) - W C(«) 

y-=y/(r)-, («) cfo, («)»*; 

wharo r is dofiwod in terms of t by moans of equation (265) and the 

inequality Provo that if an electroinagrietic hold E) is such 

that 


1 0T /I 0r ^ , 0r . 0r ^ \ 0r /0r ar • ^ \ 

0 3i \o Zt -g-j4+^i4+g., 


with similiu* equations, where M^H±iE^ then an electromagnetic field in 
the variables a\ I, ’t can be found such that we have identically 
M^d (y, z)’^Myd (*, x) 4- M^d ( 4 ?, y) + icM^d ( 47 , if) 

+ ic My d (y, t) + icM^d (z, t) 
i,s Mjf,d z) 4 * J /yd (^, x') + M^d(x^ y) 

ic kxd {x, i) T icSyd (y, t) + {z, i), 

where cl(y, «) denotes dyhz--d$hy and dx, bxy eta are two independent 
sets of increments of the variables. 

2. Prove that if /'(r) is always positive the variable ’i increases with t. 
Show also that if (|, 5 , f) correspond to (f, rjy f, r), the point (|, f) 
moves along a curve P with a velocity less than that of light and that the 
velmatioi at two corresponding points of r and f are the same in magnitude 
and diretstion. 

3. Provo that the coiiditions imposed upon the electromagnetic field 
m Example 1 are all satisfied in the ease of the field specified by the 
|H)tentials (266). Hence show that the transformation transforms the 
field of an electron moving along the curve r into the field of an electron 
moving along the curve F. 

4 . Pr<wo that the conditions of Example 1 are also satisfied for any 
electromagnetic field of type (282) whore a and /9 are defined as in § 44. 
Hence show that a field of this type is transformed into another field 
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r>. IVovt^ that Urn of Exaiiipb I urti to on!) fwo 

tuniditiooH whiah iiuplv that iht' tiidd //| is tn»iijii.gi4t«» to aitv olinlro 

magrudar fidd c»f 

fl. that ahH'troiafigijftir Ih^ldM of f)|i 4 S 4 ultiil) iitid .IlilSi nm 

tmtiHforniod iistci tkddM of tlto mnio goiioral *d' tlio 

triiiiHhknnatiou 

.r. r-i' a J t'a (ij, 

I m(M}/(s}dM, i /4-| psUiM^tk. 


7 , If T Im dtdhiwi in tornw of .r, j/, z, t hv flio oi|tiittioi.t*i 

li, Tff I [. C^«» 0 ii, 




rn ' 




it Hatiiilim tlin |iiu1iid diflhmitifil «|iiiitit»ii 

/ary,. /rV\^ . /df\« ! 


If 


and 




Htiih ^ •■■ 




thc^ fnnotinn {f 4' (± »* }*1" ‘ ^ / f # I" # I 

WitifitiiiM lApliM'dn tic|iwtioii. 

It Prc>vt» tliftt if in tlics liwt «iiiitijife wii writi^ 

/r^+«’f)-^, .i" 

and integmti' with wigiinl to i# Iwtwwin H iitnl i» wo mm ohtsiiii n |i*»li%itliAl 

funotinii whkh m mrt> ntitoititi IIip inlm lif* * 


H), Piirtidw aiv |irojr«t«l in i'l^rtiiin ilirw’lioii» froiii tlio fliirmtit 
|.K«itinti« nf a moving «Ioffcr«*ii and tmvtil iilirttg filrainlil lino« willi tln^ 
vihwity c»f llgitt. Fmvn thal if iliti kw, iirponliii^ l*» wiiitdi tfio iiiim:'ti«ii 

of pwjiKition vfirtw with tin* wlmily «f tlio W «tiit*l*iy vlit^ti 

thft will III mtili umtMui fimu ii him **f plmlrm in lli# 

iliKitmmfigiwitiv linlil dim to llio iiii*iiiig tdritrwn. 



CHAPTER IX 

MIHUELLANEOITH THEOEIKS 


§ 4fK KlrchhoflPa formula and its extensions. 

An iin}K>riaiit Holuiion nf the wave-equation is embodied in 
Kirehlioft^H fommla^ which is usually interpreted as the mathe¬ 
matical c’xpn^HBion of the principle of Huygcna This formula 
has bcHUi extendt‘d by Lovef and Macdonald^ so as to give 
a rcpr(wnta.tion of an ek^ctromagnetic field outside a surface 
in b^rms of thc^ ck‘ctric and magnetic forces tmigential to 
tlu' Hurface. In Macdonalds formula it is the time derivatives 
of K atid H that are so expressed. Tonolo§ has given a 
formula in which E and H are expressed in terms of their 
Hurfime values. The formulae are given in examples 3—5 at 
the end of this chapter. 

When the surface is a sphere KirchhoiTs formula reduces to 
the formula of Poisson|| (Ex. 5) which enables us to find a wave- 
function which satisfies the conditions 

u -/(«;, y, z), 1 “ -gite, y, e). 

PoisHon’s formula may bo usod to derive the theorem H that the 
ruotm value of a wave-fiinction ti over a sphere of radius ct at 
tim «5 t is equal to th<j moan value of u at the centre of the 

• thrlin. lior. p. 641; fVitd. Ann. Bd. 18 (1888); Get. Abh. t. 2, 

p. aa. Simple proofs of the formula have been given by Beltrami, Rend. Acc. 
Line. Horn. (S), t. 4 (1898) ; Larmor, Proc. iMdon Math. Soe. Ser. 2, Vol. 1, p. 1 ; 
tiove, Ibid. p. 87 (1908); Isimb, Uydrodynamke, 2nd edition (1906), p. 477; 
H. A. LorentJB, T/ie Theory of EUetrom, p. 288 ; B. JUura, 11 Nwmo Cimento 
(1910). 

t Phil. Trani. A, Vol. 197 (1901). 

t Kketrie Wavee, p. 16; Proc. Tendon Math. Hoc. Ser. 2, Vol. 10 (1911), 
p. 91; PhU. Trane. A, Vol. 212 (1912), p. 295. This theorem gives an 
anaJytloal Hpeoifioatlon of a generalised Green's equivalent layer. See p. 29. 

§ Annali di Matematica, Ser. 8, t. 17 (1910). 

II The details of the oaloulation are given by Love, loc. cit. A simple proof 
of i'aisHon’s formula is given by Lamb, he. cit. p. 471. 

II Of. Rayleigh’s Hound, appendix, and H. Bateman, Amer. (1912), 

where some other theorems of a similar kind are given. 
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Hphen' dtiriog th«^ int4»rviil f —r to f + r. Tht* fuiu*t.io!i . 
to ilu^ ouinlitionH in Kirrhht^FH thoort‘m. 

Wht»n thi‘ function a m indopcndfuii of I^uhm 
formula reclucon to FarnoviirH formula for a cyliiulrical wi 
function. Voliorni^ han oxltuitltHl FiirHi^varn formula » 
to ol»tain a twtMliimuiKioniil of KirchliotFH finr 

Hin formula imlicak^H that the propiigftiitm of cytimii 
wavcB in cHsontially (lifloroiii in chanteku’ from that 
HpIuTtcal wavoH, In tin* tlrn'o-dimtuiHioiiid eiim^ iht* valti 
a wavc-fu!iction ti {j\ y* z, t) at a point (*r, //» s} at tii 

IB compkitoly <loiormiiMai by the vahioH of it and ov- 

concentric Bphoro cjf rialiuH er at tiim* f - r. Ifi tin* 
dimcimional eaBtu mi tlio oihtm hand, the mtiio of ii (*f\ y. i 
a point («'>y) at time is not dotcrnuiiocl hy tin* values tif u 

X .• over a ctmcentric circle at time I — t. To find « ( t , i 
m 

dt$ 

must know the values of ii anti . over n sorios of such ci 

m 

in which the radius er varies from C) to mmm other valin 
The essential (lififoroncc biitwijon the two emmm umy bo j 
buted to the fimt that in thti thr©i>dim©niiotia! (aim.' thii v 

function for a source is of ty|a! while in thci 

dimensional ease it is of ty{K^ J* / ^ cosh and a 

does not leave thc^ region imdisturla^d after it has pasms: 
has a tail or residuef* 

When u is a pcrio<Hc function of t, KirchliofFs formtilii 
be replaced by the aimple formula of Ilelmholtop In thii 
there is an analogous formula for cylindrieiil wiiv<vfunctioii 
function K^{ipk) taking the pket) of 

I 60. Graenk Fmotions. 

The solution of a problem in which a fwiriodic wavti-ftii 
is to be determined from a knowliitlgn of its Ixiliiivio 

* Aeta Maik* t. IS; Lmtnrm a$ Clmrk flflt), p, SS. 

t See l4u»b*i M^drmlpmwdmf p. 474, 

t Be© slso J. flactauMd, Bulk 4e te Bmiiti mAih, 4# i ^ 



(•(‘rt,ain hotindarioH can he made to (lejxmd on that of an 
auxiliary prohlciii, viz. th(( detonninatiou of tlui Orcon’H 
function*. 

Let (} u'l, i,) bi> a solution of Au + k‘u = 0 with 

th«( following propi‘rti(‘H: It is to h(! finite and continuous, 
iiH also its fimt and second derivatives, in a region bounded 
by a surface except in the neighbourhood of the point 
(^'i. ;'/i. *j). where it is to be infinibo like cos fo'/47rr, when 
r 0. At tho surface A', G satisfies sonic boundary condition 

such as (1) u .-s 0 or (2) «= 0. 

Adopting tho notation of Plemelj f and KneserJ wc shall 
denote the values of a function <jb (f,»/, ?) at tho points (a:, y, z), 
“i) respectively by <f> (O)and <j) (1). The Green’s function 
is then denotwl by the symbol G(0,1). The importance of the 
Green’s function depends chiefly on the following theorem. 

Let <f> be a solution of 

A<^ + +f(^, y, = o> 

which is finite and continuous, together with its first and second 
derivatives, through the interior of the region and satisfies the 
wune boundary condition as 6^(0,1), then 

^(I) = jJJ f (0) G (0,1) dwd(/dz. 

This theorem is proved by applying Green’s theorem to the 
region between a small sphere 2, whose centre is at 
and the surfiwse S. For since 

IIj A(J - tf A^) ” //(^ a “ ® to) 

WO obtain the required relation by making S-*-0 and using the 

boundary conditions. 

* This fuiiotion was first used bj Green in the solution of a problem of 
#l® 0 teoita»ti 0 i, Mmay m the application of mathematical analyeu to the theorm 
of eketridty and magmtkm^ Nottingham (1828) ; Math, Papers r p. 81. 
t MomtihefUfllr Math, u, Phyi. (1904) and (1907). . ^ 

X Die InUgralgldchungm und ihre Anwmdung in der mathematuchm Fnysthf 
I SI, Branswiok (1911). 
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(riL 

If r; (2,0) Ih the GnH*nK ftmeiion ihr the wiiiie Iwniiiclary 
condition an fr{2, Olait for A-cr, we rmiHt alno wiirroiind the 
point (2) by a small sphon^ when we apply CJnnmM thiHwem 
with ^(())=! r/(2, 0). Wc* thcai obkiiit tin* etpiiition 

(j (2,1) = «(2, I) - (^■» - <r=) jjl>f (2.0) U (0,1) tb di/dz. 

This important relation indicates that r; (2,1) is the solving 
function of an integral tHpiafioii of which (r (0, I) is kerm^ and 
vice versCt Tht* theory of iiitegral iHjualionH ti*lls iis that when 
fr((), 1) is given there may be cautain singular viduf*K of u*® 
for which r/(2, I) is ih4i finit4‘, Tlu*He are the c»f for 

which the homogetieous integral equation 

^ (1)« (fir'** jjj^ (^1) 1) iird^dM 

pottsc^SBCH a coutiuuous soluticai which is diftbreiit front 

zero. Formula (2) indicateB that such valucw itf the 
diflferontial etjuation » 0 p<is»eiifes ii noltition tuilisfy* 

ing the boundary eontlition aiul the* other lamditioiis iiTi|M«iMl 
on The solutions of this type are ctf great iin|Ktrtiincci in the 
theory of soimd and have been diHCUssial by many writem*. 

If we put/(()) and prc'iceiHl an before, 

Green’s theorem gives 

Sr (1,2) - (? (2,1) - (A:* - <r») jJ jff (0. 2) G (0.1) <L,<l>/dz. 

Putting cr =8 A- and com|mring this with the pnwiouH equiition 
we g(^t 

Hence the Green’s function is a symmetric ftmeiiiui td* the 
coordinates of the points 1*2. When the bountlary crondiflon m 

~ » 0 this result is equivalent to Ilelmholtz’s tlu^ormiif. 

Since G is a real symmetric function when i*wCI it follows 
from the general tlieory of integial iapiatioriH tliiit thert* 

* B©a eepeciftlly Lord Bajlaigh, TArory o/ HimmI, ¥oL *J; IVwItk, 1^ |Mirfiflfc 
DiffermHalgkidmng Aw + A®Ma0; A. Hommorfokb Knti/kkppilik iltr *ViilA. 

Band n 1, Heft 4, p, MO. 
t Cf. Eayleigh^a Sawtd, VoL 2, p. 131. 
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at least one real singular value of cr®; that all the singular 
values are positive may be deduced at once from the 
equation 


r- j’jj dxdydz ~ JjJ dxdydz 


dxdydz. 


The Green's function is usually obtained in practice by finding 
suitable expansion in terms of elementary solutions of the 
ecluation Aw + khi — 0. This method is explained in Heine’s 
Kugelfunktionen and many examples of Green’s functions are 
given for the case h = Q. The general case has been discussed 
at length by A, Sommerfeld* who also obtains a number of 
definite integrals which represent Green’s functions. These 
expressions lead to interesting generalisations of Fourier’s 
theorem. 


The problem of electrical oscillations in a cavity has been 
discussexi by Weylf. With the aid of a generalisation of the 
Green’s function, viz. a Green’s tensor, he obtains a number 
of inequalities satisfied by the periods of vibration. 

The Green’s function for the equation Au + k^u = 0 can 
theoretically be found when the corresponding Green’s function 
for the equation Aw = 0 is known. Considerable progress has 
been made in the theory since the appearance of Heme’s work 
and so a few references to recent literature will be useful J. A 


* ZeiUchr. Bd. 11 (1910), p. 1087; Jahreshericht der dmiUch. math. 

Verein, Bd. 21 (1918). 

t Math. Ann. Bd. 71, p. 441; Crelle, Bd. 141 (1912). 

X For the determination of speoial Green’s functions see E. W. Hobson, 
Caw5r. PhiL Tram. VoL 18 (1899), p. 277; H. M. Macdonald, IHd. p. 292, 
iVoc. Lofhdon Math. Sac. Vol. 26 (1895), p. 161; A. G. Greenhill, Proc. Cambr. 
Phil. Boc. VoL 8 (1880); J. Dougall, Proe. Edinburgh Math. Soc. (1900); 
H. B. Oarslaw, Xhid. (1912), Proc. London Math. Soc. (2), Vol. 8, p. 865; 0. W. 
Osean, Arkiv pr rnat. Bd. 2; 0. Neumann, Leipziger Perichte, Bd. 68 (1906), 
Bd. 62 (1910); W. Burnside, Proc. London. Math. Soc. Vol. 25 (1894), p. 94. 
For the general tbeory H. Pomoard, Rend. Palermo^ t. 8 (1894), p. 57; 
S. Karemba, Ibid. t. 19 (1905); B. E, Neumann, Stvdim ilber die, Methode 
turn 0, Nmmann mid G. Robin zur I/dmng der heidm dwertaufgahen der 
PotmtialtheoHe^ Leipjaig (1906); D. Hilbert, Obtt. JSTaehr. 1904); M. Mason, 
Newhanm Math, CoUoqnium. (1910); E. Picard, Ann. de VJ^eole Normale (1906), 
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good account of the (bvelopnuuiiH up to IfKK) in givc»n in 
Somuierfelds article in the Enci^klopiidie dsr MutkejH(iiMcJien 
WissensolMtften . 

§ 51. The tramsformatioxi of the electromagnetic 

equations. 

The transfonnatiouH which cm\ iistMl to i.riuinfonn any 
solution of thi^ wav<*-(Mjuation into an«>t!u‘r Hnlutitui or any 
electromagnetic field intt» anotlnu* Indcuig to a gnntp which 
is charimteriHod by a relation of iht» form* 

cfc'® + rft/® + cl/’^ — id.t^ + d;f^ 4- dz^ — 

The linear transformationB btdtmging to this group an^ f»f great 
importance in the modern theory of relativifyt; two of the 
non-linear tamsformations have kien inentiontHl in | I^i 

In addition to these transformations there are «ither trans¬ 
formations, involving arbitmry functions in their sfMicifieation, 
which can be applied to certain typtis of wave-funetimis, and to 
certain types of electromagnetic fiehls. 'There lire often two 
families of wave-functions to which a giviai tmnsfiirnmtion can 
be applied, when the twmsformation is of a Ktiifcable chamcter; 
each of these families may be di^fininl by iilintw relation which 
exists between the wave-function and its derivatives, sometimes 
between the derivatives alonc^ Home idea of the iheoty may Imi 
derived from the examples. It also hap{K.vn8 that thc^rt^ is often 
a fiimily of electromagnetic fields to which a giviui transfonnii- 
tion can be applied and this family is defined by meanH of two 
linear relations between E and //, which ran be interj>ri*k*fl to 
mean that the field is conjugal* t^isonie definit4Mdectr«uniigiietic 
field or fiimily of olectromagncdJr fields di‘teriiiinetj by the 
transformation. In some castis tlmse lust fukls are sidf-etin- 
jngate and the transformation is applicable to thmn aim 

H. Batemaja, Fmc. Ltmkm Maih. Bur, *i, VoL 7 flW), V«L S | 
B. Cunningham, Md. VoL B (1910). 

t For this um A. linitoln, Ann. d. itl 17 (liOi); tmim, />« 

BeMwUMqyrimip, Bniiwwiok (1911); E. Otmniriglmiii, Utiimh dmmhtim 
Mq>orU (1911); H. Minkowski, UML Nnehr. (IW); M. fl. Wikriri wnl Cl. N. 
Lewis, Proc.Affhff. AcmA, of A Hu mid ?ok 4H {19rJ|, |s. lIMft ; J. Iiiliiwiini, 
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I ho fact that the condition of conjugacy between two 
electromagnetic fields often implies the existence of one or 
more transformations depending on arbitrary functions, may 
b(> reg!irdi!(l ms of some philosophical interest. 


MISOKLLANKOUS EXAMPLES. 


1. Show that, the most gonoral periodic solution (valid for all 
spin* outHido a given closed surface) of the wave-equation is 

^ {/>+ <^ cos yp- (fa - i)| dS, 

whe^ra P lUid y tim arbitrary fuuctionB, r is the distance from the element 
of Hurfiwio to th<^ point whore (is estimated, and yjr is the angle between 
r and the outward drawn normal Bhow further that the necessary and 
suflloient cotidition that the value of given by the same analyticsal 

90 

©xprwHion, slunild vanish for points inside the surface, is that P= ^. 

(Cambr* Math. Tripos, Part II, 1904.) 


± laitt U ho A function which satisfies the wave-equation and is such 
that its diffewntial <*oefhcienl« of the first order are continuous functions 
of .r, j/, i within a region bounded by a closed surface S. If either a or 

ao 




bt^ given for points on tlu^ surface S there is only one function O which 


rmlutw Ut a given function /(.f, y, z) for 

(A. K. H. L<we, iVoc, Ijouion Math. Soc. Ser. % VoL 1, p. 42; 
J. ihulamard, ISuU. de la JSoc. Math, dn France^ t. 28 (1900).) 


S. If throughout a H|Kauiied w^gion of space and a specified interval of 
tiiiw tt and ite difterontial ctHdiicients of the first oitier are continuous 
funcitiouH t>f a’, //, z and of if also the diftbrential coefficients of the 

«^ond tmler stuth m ai-e finite and integrable, then a solution of 


tlwi equation 

Qu-^(r(x^ y, t)^0 

wliieh is valid for this region is given by the fomuila 

1 
f 


%» 4)® 


‘I II h 10 


1 Br rSwTl JO 

r dn LS J 


+ ,[. I f [ 
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h’li. 


region and over itn Imundary. fimrfion tr is mipiHiHml fi» !«' fnnfi* i«id 
integrablo and a quantity witliin wiuatt^ bnu'ketM in itf f 

i • (C b K irolthofF,) 

4. If an aleotroinagnetir fn4d in mucIi that the n^hm 

not contain aiiy charges i»r convcctitui ciirnnit.H iind M // | ih\ the viduc 
of the vector M at Ai, Q in given by tiit* foriiniln 

j'l^ll M^] coH /ar— [ il/„ j ctw nr.. {J/^| t^im r/ij 

+ ^ I |'l[n| ‘'OH '■■'• i Vj |>••w ni 


+i[M,] C 4 >« wy — 11 Mp I c< m 

5* Prove that in tlio aaino cirtnuiwteiicwi 


^, iitS 


(A. 


+*//Lv C) C) >C\. i i 01'"’ 


where v[J4|» oto. and (X* p) arc tlw roKinf^H i>f tlm 

Toioraial drawn into the rogion kiiiwcItMl hy A* 

(JL M. Mimlt$mikL) 

6. If 14 is a wiwo-functioii Incioinjtnlcnt of s fiiitl |«*ri«ii4! in / like 

7. A wa? 0 »function which «titi«flcw tliti ci.iitili|,i«fii» 

is given by the formula 

where /, y denote tlie nnmii viih«« of/, #; nmimt^thmly tmw the mirfmm tp 
a sphere of radius ei having the |H#iiit * im 

(H, I). 

O T .4 a It it . 

8. If V B4twfioH|^ 4* miti hiw tliittii w^oiitl wiiltti 

a suitable domain 

1 a r r/ir 


EXAMFMS 
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Atu! cr (ioiKiim area witbiii tho circle cut out on the plane T=:t by the 
cyliiulcr 

(Parsoval and Volterra.) 

il Fhjvo that if a transformation of variables from y, 2 ;, t) to 
(x, y, i, /) in Hucli that 

<£*■“ +-h (/i’“ - %*+<&“-(3V<2)+(«<&+- cpc/<) 

(^0 4- Wo <% 4“ % 

whom /o®4-mo®4“%>^=jpo*^; it can be used to transform an 

t4nctnimagnctic held (A\ //) into another electromagnetic field {E, E) 
with an identical relation of the same typo as that used in Ex. 1 , Ch. vin,. 
If tlie two e.cmditionH embodied in the relation 

(tmki - ('^4 “ ')kf) 4- Mg (imo - 4w) + ti)4 (^Po ~4j?>) 

+ i J4 (w-po - i Mg (npo - %p)=0 

Bm Hatisfied. 

Fnivti that the conditions can also be thrown into tho form 

(I 4 + mmti 4* Mfh+pPn) i4 T i (npo 4- n^^p) M^ ± i (mpo 4- m^p) Mg 

^ss /() (IM^ 4" w4" f^Mj^ +1 (4 Mx 4" Wq My 4" ^0 -^s) 

t«iil similar t^|iiationH. 

10. In th«^ last example if 4*4 w<)a=w, p<^«= —p, the conditions 

am if Ft^ynting’a vector is in the direction (4 w, n). Show, in 

IMirfciciilar, t.hat the traiwft>nnation 

x±i> S^‘^fir+<tt)+gir-ot), <;i’=‘f{r+ct)-g{r-ot) 

&m lie applied hi an electromagnetic field in which Poynting’s vector is 
iilmig the raditw from the origin and that in the resulting electromagnetic 
field Fojniingh viMjtor is parallel to the axis of z. Apply the transformation 
tti the eliMitroimignetic field derived from the functions a, @ given by 

«juatioiii (IS), I ft* 

IL If a trarmfonnation of (Kiordinates is such that 

4- tip +cfl» - (fMf « {dx^ 4- df 4 - dz^ ^ cW), 
whiiris X w a fiimition of x, y, «, t ; there is also a relation of type 

(X - 4 (y - M>f +P ~ ^ 1 )' io7 

XXc, [is - 4“ (y - yo)^ 4” (« - 4)^]- 

(J. Liouville and S. Lie.) 

Prove that the difierontiid ^Kfuation 



i« ciivarifttit for & transformation of the type considered in Ex. IL 

(S. Lie.) 




uo 


Mist'KLLAM'tirH iiii 


13 . Provti tliiit if ii» *is»* f ri Tf S', . f > ,th ihM 

{(*% ^ \ ^ V, i 

i .r|l/, r:V, t . I/, / I " : 1/ I :M, . / I/, ,/f 

in All axiw’t tiilltlfrfllto-t rtU'i « » • .4 *|<i i‘» *•'» l* > . I*-- li**.;;#*! f<ni, 

tlia vrtiiia i»f *1/a! ilit^ |M»iiif 3 t , ; I ^ *9%, * • ^ ^ *f iijiiy 

ba cmlmiliitiMl by ii*4iiliifiiN fltr 1II*» . r.i^ t. 

J/, ’• I ' 

‘^ifM^itlri^i iif* M ^ #' • P, iif: 

In i%n invfimiit f»»r tir 1 % f' f'“ i>.* 4n|i|»iHi|i,f 

tbiit tbt* ftiiidittii .1/ fyiti-4ir -'S ^ * ' '■ 

14, y4 II tr»!if*f«*ririitti»4ii fr«iii tli*^ .r , f, r !<♦ .r^ 

ki wii'b ttiiit 

il,/s+ ii/^4>di » %bi I dy> * 4r . 

if 

f ddr^mtity^ nd. ■* 

' 

i# 

f/rir 4 wrif 4 «*!>' M #.lb; ♦ «'*li --yrln 

4 * I idJif ♦ ild' < 4 d \ 

wbll» II-s'^ I-I I .i ’ 

#w4|f I/f t m*y I »n * i>t#\ 


Mlil m «i Pi ^ 1 K 

j |t 4 t»* I'r- ^ ^ ’ 

5 . 

, f, tf 0 ’-s#! i*lit^i 

til# IMIWiilllW 

1 fti , 1 

ry 

- 1 ^ 

‘■5 ^ ^ * ,r 

. 0 

# #;#- 

.. 11 ^ 

l['Z 

■ 1 .. 

y L *■¥ 

1 4 > 

1 

i '‘^ 1 1 

■ ^ ^ .1 

,y ^ ^ 4 ' rM 




1 

' ' r 


It eIwi miimtlm 

t 

. 41 •. ^0 

, 43 

* 

1 

S j * 


III llll^ |tnwllli|.? rf|iirttii 4 , 





. i/ . p 

:. ^ •: f ^ 


!* rii 

.'.V 

^ ;#N 4 

'■'i '*' % 

. i * 

t-i 

r'l* 1 i- 

1 1 

# -» 

! II 

f ■■ 

. .r 

l‘~mn' m'n. »/- 

• *;l 1 

:' 44 

-'.'5 i t 

/.«?/.' V- 

■‘"4 ^ 

.I^.S' fyr 

Mliilif Hi*! ill »ri#iii 

I'#^ 1 # % i 

.|is, !.4 #i 

■1 n|.- 

*# 8 t * *f. 4 tl|«l| Iff l|||» 



uf thfi inuiHroruiation of Kx. 1, p. 139: iiIho the case of a trans- 
ftirinafitm wliir!i Imvvn tlio funotiouH A\ F, ^ of Ex. 7, p. 80 imaltored in 

fnrnu 


15, Pnn’c^ that, if a function FHatiHlioH the equation 

1 dw 

vfnuMht‘14 fit infinity anti law cxiutinuouH derivatives except at points of the 
iHirve if whms ii» normal ilerivative is discontinuous in such a way that 
0 r . dV , 

tlio fiyifilHi! Isung iwed to denote the cooKiinatos of a point §, then 

when'/ipyi, 

(Levi-Givitt\, Nuovo Cimento, 1897.) 


HI. Prove that 
1 

Vi.r“l»* + (.¥ f)* 


I f m t »#* r *ifi 


^4A (.r -1) H- (i/ “• t)) + w (a: ■» 0 


dXdfidp, 


nn.i dciuiMi that, tlui iiiU^gmt J P satisfies Poisson’s 

A>' + 4.,{.r, y, .)«(). Woiugaxten.) 

(7, I’ritva tlmt tlio omuitiou A(f,«i +2 is satisfied by 

j f ^ „ jSj —f 

+ r /w/o'wfi. 

J i-n+r ^ J 

mtitl 4{#) k til# itimtim #4 (*^)‘ •^'of ¥Qy h arbitrary 

«iii>itnitte, Brillouin, Uompi^m Hindus^ 1903. 

IB* Prove that a solutitin of the diibrential equation 

p(i a^c/ 




...(I 


t« giv#ii hy 

II « J *' «<''* (X) eoH (< VX“ - 1) + (X) 


sin (< Vx*—1)' 


Vx* 
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MiaCKl.I.ANKOins TilKdHIKa 


, ■ • .' f ‘■■'f i 

hoiiwi olituin a m.lution tii tl«» o.iuati.m , ,.3 *'y 

(.'as If/' f (■>'%' ;/t-i',* wlit'iJ / It, fill* fiuii-tmiiMmay In* 

dotanidnoil by tho (i(iiiuti<niH 

with the aici ef Fourier^n th«ir« m, 

(li. (*tmpirM IHIill 4.) 

IB. l¥eva tlittt with the i4* the Iml 

/' (•«. «)“•! l / br -/)+/(•«•+0111 /' '^"1 / t ^:'-j iI 

where r) 

(177B); K, rkiini, iiuH. $m\ iiwM. t. 2‘i p. I!.) 

20. Prove that a Mohitioii €»»*#♦ *r tif the «|t4iiti«ti J*l**v. . , 

I’f* *^i 

ii given by the following eiteii»ioii of Km4ii«»tFi4 furiiiiiiii: 

+ ff I i r^'*) ’ ‘i 

whoTO r’**(.<■-.igs4-Cv i«}% #*»// I, («{*>) 

and 4 (^) k the Ikwel’n fwiiethni «4 Cf^). 

The flwt integral extendii over the volititir lif 1*4 ti the f^|t|iero 

r*4 the Btirfaeti X; when tliin »|iliew the tiiirffiiv ||m+ mH^atid 
iafctgml exteiick over the jwirt f»f tlie fifilioriml s» tlm 

two inti.^ral« extiitd over tliit part of X wiiinli liim kmuh tli« nplmn% 11ti;^ 
noritial » k «up|M>witl to l«i liniwii iiitu tlm iittegr»itioti, If X m m 

olostd surfeci© ftiid %) lien otiiniilo, tli» in tiwi 

ipwii oiitildt I And li*»ici« the 

|M. Itrill*#iiiii* ihmpip^M 

il. Lot % ® 1)© diifiiiiil ill l4»riiw of t\ s hr llio i*iio* 

where y**l—ilattila# mud I w a wiintiiiii k indiitioii tif 


i^«|Uiition All 0 m iliini givwi by provided F Batisfios the 

piirtifd dillbreiitiii! iH|uidioii 


Hintti ,, « + 'i . » 

Mill :k 


' *' ()F 3 

+ *2 Oi m 2a .. - * F Hin 2a » 0. 
da 4 


(U. Ainaldi, Rmd, .Pakrmw (1902), p. 1.) 

22, Prove tliiit the fullowiug traiwfonuatioim of coordinateH lead to 
biliary i,e. to aolutioita of Ltiplaee’n equation of typo%«=F(f, tj ): 

til .r- I, s^(; 

{2} j*-. z^rj; 

(:i) //-I win ft 

(4) £ luii I ri»ar|, «/« f tiiu |aili 17 , s«fcoHf; 


wlirr*-^ m m tin arliitriiry eoiwtami. The dillereutial tiqtmtiona natMed by 

F m mm%i* |»l| iitid ffi) are 

.■£< n '+ £>).»,■+{ af ’" 

Allti 

I t*F I,. „ . .dF, I t 91^ ft 

k f ^(a ++ ^cot, 0 

n*N|««'t»vt4y. Ji» th<* oUH'f UiH UiflttreiitW oquatiouH aro already 

(T. Owi lHvitfi, Turin Mmwirx, (2) t. 49 (1900).) 

g;». If t\m tUIIVm'iitia! + ;iyS ** by an ox- 

>tf tyja- w\mn >/ia an arbitrary ftinotUm, 6 Juvwt satisfy 

tiii^ iliHfirelitliil 




|'r«»w that if we write ^(fdw«m(»(ir+Miu X’^-toona+i^ 

1 / -i mm tluw l« a relation lH't,ww*n «, u, r. Discuns the «n^ in 
‘witn li .1 is » fi»in4i..» nf d mid a enimbnit nwiHHstively, atid obtain the 
gPtii.ml value of y »it ««di ew*. 

m. If »»the hwt e*ann>le « -/(«, 6), »««/(«,d) and we write 



t\t 




m 


<r mil«, 
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MIHCKI.LANKorS THKOHtKS 


|<‘H. i: 


r« r r-r 

tha naw fona af iha aqaiitiaii ^ + ... . wliaii ii^ i art' takaii a 

' f'.r- t 

iadaiHiadaKit variablan In 

a r rr . , 

+irrti 


mn {a - f) ^ 






+•..,1 ’•) tra ..T)r, 


> •' *'1 


Prava that thin <H|uafiaii am «iilj |H«fiai4f4 ii Muluttnii itf typa V yFii 
with ./'"arbitrary, if lyitl in tlik d i.'4 ilrfutwl by ati - 

typa 

whila the gaiiarid viihi« c»f y in 

ri:^ 

f 11 ♦ t;j r\<f;{f.rj 

where I, »i, n mti»fy tlm rekliati 


ik Show that i»f y/(#) riiaj \m tlartvf^l frti 

soliitloiii of ai'liiatitiii «if lhi» ty|K^ by iiiaiiiiH i»f I ha refiiiltii niV) 

on p|K 111, 11.4 llaiiaii «li«w tliiil lira wiira fiiiirtiPiiH «f ty 
yf(B) whioh are not |mrtia4.ilfir wi^w **f ii Mtt»re wm^vSturlkm 

ty|.)o y/(%#) where am tlaiitt*! by *M:|iiii.iti«i;< { 2 W}, 
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